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ABSTRACT 
 
The purpose of this work is to investigate the potential of using PTC (parabolic trough collector) 
technology for the direct evaporation of ammonia from a solution of ammonia-lithium nitrate in 
absorption cooling systems. This system solution, currently under study by the research group ITEA 
of the University Carlos III of Madrid, allows eliminating the use of heat transfer fluids (thermal oil, 
pressurized water, etc.), thus entailing benefits as regards the overall efficiency, the environmental 
protection and the reduction of the installation costs. After a general overview of solar absorption 
cooling applications, a one-dimensional, stratified, two-phase flow model in steady state conditions 
has been developed. The resulting set of equations was subsequently discretized and then solved 
using the calculation software Mathcad 14.0. Finally, the results, obtained for different varying 
input values, were reported and commented.  
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INTRODUCTION 
 
 
 
 
  
The increasing demand for electricity required to operate systems for summer air conditioning of 
residential and commercial buildings that has been recorded in recent years in most industrialized 
countries and for refrigeration in food and pharmaceutic industry, together with the current need to 
safeguard the environment against emissions resulting from the use of fossil fuels, make particularly 
interesting the research and the development of new technologies that use renewable resources for 
refrigeration purposes. The most common air-conditioning systems use a vapour compression 
refrigeration cycle and are powered by electrical energy. An interesting alternative to the latter 
could be represented by solar absorption cooling systems that employ an absorption refrigeration 
cycle powered by solar energy. This solution is even more relevant considering that the periods 
when air-conditioning and refrigeration demand is higher are those where a greater availability of 
solar resource is present. Moreover, such systems can be integrated with those for the heating of 
buildings, for the production of hot water, or for electricity generation, increasing their exploitation 
during the year. The heat necessary to sustain the process is provided by the use of solar collectors 
which may be of the type flat plate, evacuated tube, compound parabolic concentrator , or parabolic 
through collector (PTC). These latter are necessary when are employed two-effects absorption 
machines, which require higher supply temperatures (140°C – 180°C) respect to the single effect 
machines. However, as will be seen later, current solar absorption systems that adopt PTC 
technology are subjected to some limitations related to the use of heat transfer fluids, such as 
thermal oil or pressurized water. In order to overcome these difficulties an innovative system 
solution that involves the evaporation of the refrigerant from the refrigerant-absorbent pair directly 
inside the PTC, thus without the need of an external circuit circulating the heat transfer fluid,  has 
been devised and is currently being studied at the Department of Thermal and Fluids engineering of 
the University Carlos III of Madrid, where a prototype of such a system is also under construction. 
The aim of this thesis is to investigate the physical behaviour and the potentialities of this kind of 
collector through the development and the exploitation of a one-dimensional, stratified, two-phase 
flow analytical model under steady state conditions. 
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 1. BASIC ELEMENTS OF SOLAR ABSORPTION COOLING SYSTEMS 
 
 
 
 
 
 
 
Intro 
In the first part of this chapter it is provided a description of  absorption cooling systems, focusing 
on the thermodynamic cycle of reference, on the choice of the working pairs of fluids and on the 
absorption machine, in view of the use in combination with the solar resource. In the next part it is 
given an overview of the various possible solar collector-chiller couplings, which are commonly in 
use and the types of  the collectors that can be employed. Finally, it is examined the parabolic 
through collector (PTC) and it is proposed an innovative solution of  its use for the direct generation 
of refrigerant vapour, which will constitute the starting point for the development of the model in 
the next chapter. 
 
1.1 Solar-powered absorption refrigeration systems  
A summary of the possible various refrigeration systems powered by solar energy is shown in Fig. 
1.1. As can be seen, the solar cooling systems which are based on a heat transformation process 
obtained by solar collectors are divided into two main groups: 
 
- Closed cycle systems 
- Open cycle systems  
The firsts, also called thermally driven chillers, are in their turn divided into absorption or 
adsorption systems. They are used to produce chilled water that can then be used for different 
purposes. The seconds consist of desiccant cooling systems and are generally employed for the 
direct air treatment in ventilation systems. This type will not be taken into account in this study.  
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Fig. 1.1 (1)  
 
As can be seen from the diagram of Fig. 1.2 such systems are composed of three main elements: 
 
 The absorption chilller 
 The solar collector 
 Thermal storage 
 
 
 
Fig. 1.2 (2) 
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1.2 The absorption cycle  
In absorption machines thermal energy is exploited to realize a refrigeration cycle that can be used 
with various purposes. Among the different uses to which it may be destined, such systems are 
usually employed for food conservation within recreational transport vehicles, for the cooling of 
buildings, or in more complex systems of cogeneration, in case the cooling production takes place 
in combination with the production of electricity and /or heat. The thermal energy required to power 
the process may come from fossil fuels, waste heat from industrial processes or, as in the case 
considered in this thesis, renewable solar energy. A block diagram of a generic absorption machine 
is shown in Fig.1.3. 
 
 
 
 
 
 
 
 
 
 
Fig. 1.3 
 
As can be seen, the heat ?̇?𝐻 is provided to a generator to make the refrigerant evaporate from a 
suitable solution. The produced vapour is then sent to the condenser, where it delivers latent heat to 
the surrounding environment changing its phase into liquid. The liquid refrigerant than passes 
through an expansion valve, reducing its pressure to the level of the container where the evaporator 
and the absorber are enclosed. It is then sent to the evaporator where, receiving the heat ?̇?0 from the 
surrounding environment, it is reported on the vapor phase. The vapour is then sent to the absorber, 
where it is absorbed by the solution poor in refrigerant (or concentrated), which is coming from the 
generator. Note how the saturation temperature of the pure refrigerant is, at equal pressure, lower 
COND.
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than that of the solution and for this reason it is possible that the fluids within the evaporator and the 
absorber are respectively maintained at different temperatures. The more dilute solution which is 
created as a result of the absorption is subsequently pumped to the pressure level of the generator, 
where the described process is repeated. Note that the pressure inside the container enclosing the 
generator and the condenser is higher than that of the absorber and therefore the concentrated 
solution undergoes a lamination process to be brought to the pressure of the absorber. In addition, to 
increase the efficiency of the process, the solutions at different concentrations pass through a 
recovery heat exchanger. The power consumption of the pump is in small proportion compared to 
the thermal power supply and is about the 1- 2%. Note lastly how the block diagram of such a 
system is substantially identical to that of a vapour-compression cycle machine, except for the area 
within the dotted line, where, in the case of the vapor compression system, is present a compressor, 
normally powered by electricity. 
From a thermodynamic point of view a heat-powered device can be abstractly schematized 
according to the diagram reported in fig. 1.4, where the system interact with three thermal reservoirs 
maintained at three different temperature levels respectively. 
 
    
 
 
 
 
   
Fig. 1.4 
 
𝑇𝐿 is the temperature of the refrigerated ambient, 𝑇𝐻 is the temperature at which the heat is 
delivered to the generator and lastly, 𝑇𝐴 is the temperature of the environment where heat is rejected 
by the system. The efficiency of refrigeration systems can be evaluated by a coefficient of 
performance (COP), defined as the ratio between the cooling effect ?̇?0 and the energy input 
necessary to drive the process ?̇?𝐻. 
?̇?𝐻 
?̇?𝑅𝑒𝑗𝑒𝑐𝑡 
?̇?0 
S 
𝑇𝐿 
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𝐶𝑂𝑃 =
?̇?0
?̇?𝐻
 
 
(1.1) 
 
Such a system can be thermodynamically seen as the combination between a heat engine and a heat 
pump as schematized in fig.1.5. 
 
 
    
 
 
 
 
  
Fig. 1.5 
 
The COP of a device which ideally operates with reversible transformations and heat exchanges can 
be expressed in terms of the reservoirs temperatures as (3): 
  
𝐶𝑂𝑃 =
𝑇𝐿(𝑇𝐻 − 𝑇𝐴)
𝑇𝐻(𝑇𝐴 − 𝑇𝐿)
 
(1.2) 
 
It is clear from (1.2) that it is convenient to have high temperatures at the generator. This is one of 
the points in favor of the use of concentrating collectors, through which it is possible to reach higher 
temperatures respect than conventional flat plate or evacuated tube collectors. The COP is also 
higher for lower values of 𝑇𝐴. For this reason water cooling is preferred respect to air cooling. 
  
?̇?𝐻 
?̇?𝐶  
?̇?0 
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1.3 The pair absorber-refrigerant             
(4) (5) Among the various working pairs of absorbent - refrigerant fluids suitable for use in 
absorption machines, those that have been more widely employed are the pairs of water - lithium 
bromide (H2O − LiBr) and ammonia-water (N𝐻3 − H2O). The first is generally used in systems for air-
conditioning, since it ensures better overall efficiencies. A limit of the use of water as refrigerant is 
that it is not possible to go below the evaporation temperature of 0°C degrees, without incurring in 
freezing problems. Moreover at the typical evaporation temperatures, low pressures are required 
(see fig. 1.6) and this can be achieved at the price of a high constructive accuracy of the 
manufacturers. In order to avoid the crystallization of the solution, a sufficiently low temperature 
must be maintained inside the absorber and for this reason air cooling is not possible for this pair. 
On the other hand water is neither toxic nor flammable and has an high heat of vaporization. The 
second working pair is used for industrial refrigeration, where temperatures to be reached are lower 
(<0°C). In fact, using the ammonia as refrigerant, it is possible to obtain significantly lower 
evaporation temperatures, respect when using water. A problem in this last case is that it is difficult 
to separate water from the vapour of ammonia, since also a small part of water, due to its volatility, 
evaporates mixing itself with the refrigerant. For this reason a rectification column is required, this 
making costs increase. Air cooling of the machine is in this case possible.  
 
Fig. 1.6 – Saturation pressure of water (left) and ammonia(right) 
A third working pair is demonstrating interesting advantages and its development is currently object 
of investigation. It is the pair ammonia- lithium nitrate (N𝐻3 − LiNO3), ammonia constituting the 
refrigerant. This alternative permits slightly higher efficiencies respect to the N𝐻3 − H2O and the 
production of pure refrigerant vapour, without the need of rectification. Moreover it has been shown 
by (6) that for low temperatures this pair gives better efficiencies as visible in fig. 1.7. 
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Fig. 1.7 (6) 
 
This last one is the pair which will be adopted in the formulation of the model in chapter 3. A 
drawback in the use of ammonia lies in the fact that it is toxic and flammable and requires quite 
high condensation pressures (>10 ata, equal to 9.8 105 𝑃𝑎). Furthermore, ammonia is strongly 
corrosive with many metals, and thence it requires the use of special materials. The corrosion of 
carbon and stainless steel with N𝐻3 − LiNO3 has been tested for different concentrations and 
temperatures of the solution (from 50°C to 150°C)  and these materials have been considered 
appropriate for use in absorption heat pump process equipment (7).  As regards transport properties, 
at characteristic temperatures and concentrations of the solution, N𝐻3 − LiNO3 shows higher values 
for: thermal conductivity (twice the value for N𝐻3 − H2O), viscosity (about three times higher than 
the value for N𝐻3 − H2O) and mass diffusivity (1 % higher). (7)  
A graph of the saturation pressure of the solution N𝐻3 − LiNO3 for different concentration is reported 
in fig. 1.8. 
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1.4 Absorption chiller  
The absorption machine receives the heat necessary to sustain the process by the conversion of solar 
energy into thermal energy in solar collectors. Absorption chillers available on the market can be 
divided into three categories according to the type of  the heat power supply: 
- Directcly fired 
- Vapour fed  
- Hot water fed 
The most suitable for a coupling with solar collectors are those of the type hot water fed (8). As 
seen in paragraph 1.2, the COP increases with higher temperatures at the generator, however a 
single-effect chiller cannot be fed with temperatures exceeding 100°C (3). To overcome this 
limitation it is possible to employ multi-stages absorption machines. Using a single-effect 
water/lithium bromide absorption chiller it can be obtained a COP between 0.5 and 0.8 at supply 
temperatures of 75-95 ° C. Such temperatures allow the use of the type flat-plate collectors or 
evacuated tube. With the use of double-effect machines it is possible to increase the COP up to 
values of 1.1-1.4, with supply temperatures of 140-180 ° C. In this latter case it is necessary to 
adopt concentrating collectors (9). 
 
The absorption machine that will be used as reference for the modelling in chapter 2 is a single 
stage machine, with data reported in tab. 1.1.  
 
Chiller type   Single effect 
Fluid pair N𝐻3 − LiNO3 
Condenser pressure 1.158 ∙  106 𝑃𝑎 
Condenser temperature 30 °𝐶 
Evaporator pressure 2.5 ∙  105 𝑃𝑎 
Evaporation temperature −13.4 °𝐶 
Table 1.1 
 
A graph of the processes taking place in this cycle is reported on the entropy-temperature chart of 
ammonia depicted in fig. 1.9 
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Fig. 1.9 
 
and the related thermodynamic data are reported in table 1.2 (10). 
 
Enthalpies table (11) 
Enthalpy, point 1 ℎ1 1445.8 𝐾𝐽/𝐾𝑔 
Enthalpy, point 2 ℎ2 1485.7 𝐾𝐽/𝐾𝑔 
Enthalpy, point 3 ℎ3 339.3 𝐾𝐽/𝐾𝑔 
Enthalpy, point 4 ℎ4 339.3 𝐾𝐽/𝐾𝑔 
 
Table 1.2 
 
The specific heat delivered by the condenser to the environment can be formulated as: 
 
?̇?𝑐 = ℎ2 − ℎ3 (1.3) 
 
and the specific heat gained inside the evaporator is calculated as: 
 
?̇?0 = ℎ1 − ℎ4 (1.4) 
 
  
 
3 2 
4 1 
𝑸𝒄 
𝑸𝟎 
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1.5 Conventional solar collector - chiller configurations 
In conventional type systems that use a hot water fed chiller, the heat required for the separation of 
the refrigerant from the solution is indirectly delivered to the generator through a heat exchanger. 
This way the operating fluids inside the generator and the fluid in the supply circuit are not in 
contact. This type of system can be realized according to different modes of solar collector- chiller 
coupling. These can be classified according to the following outline: 
 
- Collectors to storage coupling with heat exchanger 
- Collectors to storage direct coupling 
- Chiller fed directly from the collectors 
 
Below the main characteristics of each configuration are briefly illustrated and  the respective plant 
schemes are reported.  
In systems of the first type (fig. 1.10) the solar collector is coupled to the accumulation through a 
heat exchanger. This way it is possible to reduce the amount of antifreeze required because its use 
can be limited to the circuit on the collector side. Also it is possible to keep the circuit of 
accumulation unpressurized, maintaining under pressure only the collector circuit. 
 
 
 
 
Fig.1.10 (4) 
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In the second layout mentioned, the circulating fluid inside the collectors is directly introduced 
inside the storage without passing through a heat exchanger. This solution, if compared to the 
previous one, allows the elimination of the storage heat exchanger and the circulating pump, with a 
consequent reduction in the installation costs. It also leads to eliminate the temperature difference in 
the exchanger with a consequent increase in the overall efficiency. In fact, in a system of the first 
type it is easily possible to reach a temperature difference in the heat exchanger of approximately 6 
° C. (4 p. 161) 
 
 
Fig.1.11 (4) 
 
The third possibility is to send directly the outgoing water from the collectors to the chiller without 
the presence of an intermediate storage interposed between the two circuits of the previous 
schemes. This way the temperature of the supply water going to the chiller is higher compared to 
the previous cases, as there are no losses in the accumulation. On the other hand, the absence of 
storage makes the exercise of the installation more rigid even considering the asynchrony that can 
exist between the availability of the solar resource and the demand of thermal loads. 
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Fig.1.12 (4) 
 
1.6 The solar collector in cooling plants  
The most common solar refrigeration systems use a single effect chiller with a working pair of 
water and lithium bromide (5). This configuration allows obtaining COP between 0.5 and 0.8 with 
supply temperatures required at the generator of 75-95 ° C. Given the relatively low temperatures, 
the most commonly used collectors in these applications are flat-plate (FPC), evacuated tube (ETC) 
or, to a lesser extent compound parabolic concentrators (CPC). With the use of double-effect 
machines it is possible to increase the COP up to values of 1.1-1.4 with supply temperatures of 140-
180 ° C. In this latter case it is necessary to adopt concentrating collectors of the type parabolic 
through (PTC) (9) . 
The use of concentrating collectors has been most widely tested in other types of high temperature 
applications, such as power plants (SEGS), desalination plants, heating systems (12). However, 
some studies (12) have shown how PTC technology could be of interest to commercial 
developments also for applications at low temperatures (65-177 ° C). Some other tests have shown 
that for temperatures higher than 75 ° C, a one axis tracking PTC can compete with flat plate 
collectors, even in central Europe latitudes (2). In Fig. 1.13 was reported a list of existing solar 
cooling systems that use PTC collectors. As it can be seen they use for most chillers of the type of 
one and double-effects and only in one case of three effects. The most used working pair are 
H2O − LiBr  e  N𝐻3 − H2O. 
17 
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Fig.1.13 (9) 
 
In cooling systems that use PTC the heat exchange fluids which are generally used are: water and 
glycol, pressurized water and thermal oil. The use of thermal oil entails some disadvantages. In fact, 
it is flammable, toxic and potentially polluting. It is an expensive product and because of the 
degradation that suffers due to the high temperatures to which is subjected, it needs to be replaced 
periodically. Such degradation also causes a loss of efficiency in the heat exchange and an increase 
in viscosity which leads to higher costs for pumping activity (7 p. 397). Even the use of pressurized 
water or saturated vapour can present critical aspects, due to the greater complexity required for the 
system. 
   
1.6.1 The direct vapour generation technique for solar cooling  
A new type of plant, currently under study at the Department of University Carlos III of Madrid, 
provides for the direct use of a parabolic through (PTC) for the separation of the solvent from the 
pair of operating fluids. This way the collector, in addition to realize the conversion of solar 
radiation into thermal energy, as normally happens in traditional solar cooling systems, replaces the 
generator of the absorption machine inside the scheme of the plant. The direct vapour production 
technique in parabolic trough collectors was already under investigation for solar power (SEGS) 
and takes the name of direct steam generation (DSG). This technology has been proposed with the 
aim to improve performances and eliminate: the costs associated with synthetic oil, the intermediate 
heat transport piping loop and oil stream to heat exchanger, as well as the other issues linked to the 
indirect use of solar collectors (13 p. 395). In this kind of installations for electricity generation, the 
operating fluid, normally water, evaporates while flowing inside the absorber tube, which is 
disposed horizontally or with a slight inclination. The two phases can coexist from the beginning of 
the tube length if the entering liquid is in saturation state, or in the case the inlet liquid is under 
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cooled, the two-phase flow starts after a first section where the fluid reaches the saturation state. 
The sequenced flow patterns developing along the tube are depicted in Figure. 1.14. 
 
 
Fig.1.14 (13) 
 
In the collector examined in this work, the two phases of the refrigerant are kept separate and it can 
be ideally considered that the evaporation takes place at the interface between the two phases. The 
purpose of the next chapters will be to develop a thermo-fluid dynamic model of this type of 
collector and then to use that model to test the potential of a collector of this type. A detailed 
description of the flow regime will be given at the beginning of the next chapter. 
 
1.6.2 the parabolic through collector (PTC) 
Parabolic trough is a linear concentrating solar collector, which aim is to concentrate the direct solar 
radiation reaching earth’s surface, in order to usefully convert it into thermal energy. This energy 
can be then used for various purposes: production of electricity, heating and cooling, production of 
industrial steam, cooking etc.  
Solar radiation is concentrated toward the focal line of the collector by means of a reflecting curved 
surface, with longitudinal straight curvature and a parabolic shape on the transversal plane 
(fig.1.15). This way, solar rays coming parallel to the symmetry plane of the surface are reflected to 
the focal line (F point) and irradiate objects which occupy that space. Along the focal line is usually 
placed an absorber pipe circulating a heat transfer fluid which absorbs radiative energy in the form 
of thermal energy. The absorber pipe (fig. 1.16), also said heat collection element (HCE), is 
composed by a metal tube coated with a selective material with high absorbance (black chrome, 
cermet, etc). The tube is enveloped by a glass jacket. 
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Fig.1.15 (9) (14) 
 
The glass and the tube coating are separated by a sealed interspace, which can be filled with air or 
maintained empty in order to eliminate heat losses due to convection. The PTC can be equipped 
with a sun tracking system of one or two axes. Although the second can provide a greater incident 
radiation, usually the first type is preferred for reasons of cost and simplicity. If the collector is 
orientated in the North-South direction, in order to constantly mantain the surface simmetry plane 
aligned with the sun light rays direction, this need to be rotated around an axis parallel to the phocal 
line during the day. Otherwise, if oriented along the West-East direction, no tracking system is 
needed and a reorientation is performed only seasonally. The first configuration allows to obtain a 
greater amount of solar energy received annually by the reflecting surface and is therefore the one 
that allows higher efficiencies (9). 
 
 
 
 
Fig.1.16 (40) 
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PTC technology has been widely tested in solar power plants and it is, in this context, a solution 
that ensures the lowest cost, since it has being produced on a large scale. In such systems, high 
temperatures are reached (400 ° C) and collectors are designed with large aperture width. In plants 
destined to the air conditioning and refrigeration, the temperatures do not exceed 180 ° C and the 
dimensions of the collectors should be compatible with the restricted availability of space in places 
where they must be installed, generally commercial or industrial buildings. One possible solution to 
this issue is to install the collectors on the roofs of buildings. 
In order to realize this kind of applications some companies have developed and marketed some 
parabolic through collectors which are modular, small in size, lightweighted and of low cost. 
Among these companies figures the Abengoa Solar, company which manufactures the particular 
collector that will be taken as reference for the formulation of the model of the next chapters. In 
fig.1.17 are provided some small PTC that are available on the market. 
 
 
Fig.1.17 (9) 
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1.6.3 Thermal evaluation of a PTC 
The instantaneus collector efficiency η is defined as the ratio between the useful solar power going 
whithin the fluid in the form of thermal energy and the solar radiation striking the aperture of the 
collector. The word “instanteneus”  is to indicate that the performances are evaluated under a short 
term period, under steady state and rigidly controlled conditions. In the case that radiative exchange 
between the absorber and the surrounding are neglected, the instantaneus efficiency can be 
expressed as (15): 
 
𝜂 = 𝐹𝑅 [(𝜏𝛼)𝑒𝑓𝑓 −
?̅?
𝐶𝑔
(
𝑇𝑓,𝑖𝑛 − 𝑇𝑎
𝑞𝑠
)] 
(1.5) 
 
 
Where 𝐹𝑅 is the heat removal factor and is defined as the ratio between the useful energy 
effectively collected and the energy that would have been collected if all the absorber surface had 
been at the inlet fluid temperaure. 𝐶𝑔 is the concentration ratio and is: 
 
𝐶𝑔 =
𝑅𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑛𝑔 𝑠𝑢𝑟𝑓𝑎𝑐𝑒
𝐴𝑏𝑠𝑜𝑟𝑏𝑒𝑟 𝑠𝑢𝑟𝑓𝑎𝑐𝑒
=
𝐴𝑐
𝐴𝑒
 
(1.6) 
 
(𝜏𝛼)𝑒𝑓𝑓 is the optical efficiency and is fraction of solar radiation absorbed by the receiver element. 
?̅? is the average overal heat-transfer coefficient. 𝑞𝑠 is the solar power per surface unit.   
The efficiency of a solar thermal collector can be caracterized by testing it according to the standard 
indicated in EN12975 and thence determining the parameters appearing in the expression of the 
quasi-dynamic model which is formulated as (16):  
 
?̇?
𝐴𝑐
= 𝐾𝜃𝑏𝜂𝑜𝐺𝑏+𝐾𝜃𝑑𝜂𝑜𝐺𝑑 − 𝑐6𝑢𝐺 − 𝑐1(𝑇𝑚 − 𝑇𝑎𝑚𝑏) − 𝑐2(𝑇𝑚 − 𝑇𝑎𝑚𝑏)
2 − 𝑐3𝑢(𝑇𝑚 − 𝑇𝑎𝑚𝑏) + 𝑐4(𝐸𝐿 − 𝜎𝑇𝑎𝑚𝑏
4)
− 𝑐5
d𝑇𝑚
d𝑡
 
(1.7) 
 
Where: 
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?̇? Useful thermal power  (W) 
𝐸𝐿 Long wave irradiance (λ>3μm ) (𝑊𝑚
−2) 
𝐺𝑏 Direct solar irradiance (𝑊𝑚
−2) 
𝐺𝑑 Diffuse solar irradiance (𝑊𝑚
−2) 
𝐾𝜃𝑏 Incident angle modifier (IAM) for direct radiation  
𝐾𝜃𝑑 Incident angle modifier (IAM) for diffuse radiation 
𝑇𝑚 Averaged temperature of the fluid (°C) 
𝑐1 Heat loss coefficient at (𝑇𝑚 − 𝑇𝑎𝑚𝑏) = 0  (𝑊𝑚
−2𝐾−1) 
𝑐2 Temperature dependent heat loss coefficient (𝑊𝑚
−2𝐾−2) 
𝑐3 Wind speed dependent heat loss coefficient (𝐽𝑚
−3𝐾−1) 
𝑐4 Sky temperature dependent heat loss coefficient (𝑊𝑚
−2𝐾−1) 
𝑐5 Effective thermal capacity (𝐽𝑚
−2𝐾−1) 
𝑐6 Wind dependent zero loss efficiency (𝑠𝑚
−1) 
𝜂𝑜 Zero-loss collector efficiency 
𝐺  Global irradiance (𝑊𝑚−2) 
𝑢 Wind speed (𝑚𝑠−1) 
 
In this model the direct and diffuse components of  irradiance are maintained separated with their 
respective IAMs. The two terms with 𝑢 take into account wind effect on optical performance and on 
thermal losses respectivley. ηo is the “zero-loss collector efficiency”, representing the collector 
efficiency for the zero value of the temperature difference (𝑇𝑚 − 𝑇𝑎𝑚𝑏) in static conditions (16) 
(17). This term is multiplied by 𝐾𝜃𝑏 in order to take into account the inclination of solar beam 
radiation respect to the normal to the collector plane. 𝐾𝜃𝑏is to be considered equal to 1 if the rays 
are perpendicular to the collector plane and for example in the case a solar tracking system is 
present. In our study we will assume 𝐾𝜃𝑏 = 1. The last term of the right-hand side part of 1.7, 
represents the effects of transients among different operatively conditions and does not compare in 
the model if steady state conditions are assumed. The term 𝑐4(𝐸𝐿 − 𝜎𝑇𝑎𝑚𝑏
4) expresses the radiative 
losses due to long wave-length radiations. Usually not all the terms of 1.7 are taken into 
consideration. For instance in most glazed collectors, parameters 𝑐4 and 𝑐6 are neglected (18). For 
the formulation of the model in this work a simplified versions of 1.7 will be adopted, as shown in 
next chapter. 
Because of the longitudinal inclination 𝜃 of the solar rays (fig. 1.18) respect to smmetry axis of the 
collector, an external segment of the absorber tube is not irradiated as illustrated in fig 1.18. The 
consequent thermal losses are called “end losses”. 
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               Fig.1.18 
 
 The lenght of the not irradiate portion of the tube is:  
𝐿𝑠 = 𝑓 tan𝜃 (1.8) 
 
being f the focal lenght of the parabola. For the modeling we will assume that all the lenght of the 
absorber is irradiated.  
f 
𝜃 
𝐿𝑠 
25 
 
2. THE SEPARATED TWO-PHASE FLOW MODEL 
 
 
 
 
 
 
Intro 
In this chapter a one-dimensional analytical model for a stratified two-phase flow is developed. In 
fact, the flow which is the aim of this work to investigate, is that occurring inside the inclined 
absorber tube illustrated in fig. 2.2, where a liquid film of ammonia/lithium nitrate solution falls 
down gliding along the lowest part of the internal tube surface moved by gravity. While the film 
descending, the ammonia dissolved inside the solution evaporates through the gas-liquid interface, 
occupying the liquid-free part of the tube. Once vapour of ammonia is produced through the 
interface, since the lowest end of the liquid-free part of the tube is closed, it rises toward the top of 
the tube, moved by the created pressure gradient. As the two phases can be considered 
morphologically maintained separated during their motion, the model which seems to be more 
appropriate in describing this kind of flow is the “separated flow model” as defined by Wallis (19). 
In this kind of model velocities and properties of the two phases are different, and hence separated 
balance equations are required for the liquid and vapour flows respectively. In the first part of this 
chapter, geometrical references will be given, then the balance and constitutive equations which 
constitute the model are obtained.    
 
2.1 Nomenclature  
θ  inclination angle 
𝐺𝑏 power of the solar direct radiation 
𝑄´̇  thermal power per unit lenght 
𝑚´̇  mass flow rate per unit length 
g gravity acceleration 
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p pressure 
T temperature 
t time 
u wind velocity 
v velocity 
z z-axis 
𝜌 density 
𝐴 cross section surface 
𝐷 diameter 
𝐿 length  
𝑃 perimeter 
𝛼 void fraction 
𝜂 efficiency 
𝜑 liquid transversal angle 
𝜒 Mass fraction of ammonia 
i enthalpy 
h convective heat transfer coefficient 
𝐷ℎ hydraulic diameter  
  
Subscripts:  
  
v vapour phase 
l liquid phase 
s specific  
t total 
a aperture 
i internal 
w wall 
amb ambient 
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2.2 Geometry 
The collector which is taken as geometrical reference for the formulation of the model is the 
parabolic through PT-1 produced by Abengoa Solar. A photograph of this product, which is 
normally employed in solar thermal plants, is represented in fig.2.1.  
 
 
Fig.2.1 (20) 
 
Some useful constructive details are reported in tab 2.1. 
 
 
Symbol Description Value Unit 
𝐿𝑡 total  length of the absorber tube 6.1 [m] 
𝐿𝑎 aperture length of the mirror 2.3 [m] 
𝐷𝑖 internal diameter of the absorbing tube 50 [mm] 
ε roughness  0.1 [mm] 
 
Table 2.1 
 
A pictorial representation of the transverse and longitudinal sections of the absorber tube and the 
disposition of the two fluids inside it is given in fig. 2.2 and 2.3. 
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Fig. 2.2 – Longitudinal section 
 
 
 
 
 
 
 
 
 
 
 
                       
                 Fig. 2.3 – Transversal section 
 
Inside the following table are reported some useful geometrical relations. 
 
 
Overall tube cross section area 
𝐴𝑖 = 𝜋
𝐷𝑖
2
4
 
(2.1) 
θ 
𝐿𝑡 
 
Liquid Inlet 
 
Liquid Outlet 
 
Vapour Outlet 
 
𝑚´̇ 𝑠 
𝐷𝑖 
 
𝑃𝑣𝑤 
 
𝑃𝑣𝑙 
 
𝑃𝑙𝑤 
 
𝐷𝑖 
 𝜑 
 
z 
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Void fraction 𝛼 = 𝐴𝑣/𝐴 
 
(2.2) 
Liquid cross section surface 𝐴𝑙 = 𝐴𝑖(1 −  𝛼) 
𝐴𝑙 =
𝐷𝑖
2
8
[𝜑 − sin(𝜑)] 
(2.3) 
(2.3’) 
Vapour cross section surface 𝐴𝑣 = 𝐴𝑖𝛼 
 
(2.4) 
Vapour-wall contact perimeter 𝑃𝑣𝑤 = 𝐷𝑖 (𝜋 −
𝜑
2
) 
 
(2.5) 
Liquid-wall contact perimeter 𝑃𝑙𝑤 = 𝐷𝑖 (
𝜑
2
) 
 
(2.6) 
Vapour-liquid contact perimeter 𝑃𝑣𝑙 = 𝐷𝑖 sin (
𝜑
2
) 
 
(2.7) 
Vapour-wall hydraulic diameter 
𝐷ℎ𝑣𝑤 =
4𝐴𝑖𝛼
𝐷𝑖 (𝜋 −
𝜑
2
)
 
(2.8) 
Vapour-liquid hydraulic diameter 
𝐷ℎ𝑣𝑙 =
4𝐴𝑖𝛼
𝐷𝑖 sin (
𝜑
2
)
 
(2.9) 
Vapour hydraulic diameter 
𝐷ℎ𝑣 =
1
1
𝐷ℎ𝑣𝑤
+
1
𝐷ℎ𝑣𝑙
 
(2.10) 
Liquid-wall hydraulic diameter 
𝐷ℎ𝑙𝑤 =
4𝐴𝑖(1 − 𝛼)
𝐷𝑖 (
𝜑
2
)
 
(2.11) 
Liquid-vapour hydraulic diameter 
𝐷ℎ𝑙𝑣 =
4𝐴𝑖(1 − 𝛼)
𝐷𝑖 sin(
𝜑
2
)
 
(2.12) 
Liquid hydraulic diameter 
𝐷ℎ𝑙 =
1
1
𝐷ℎ𝑙𝑤
+
1
𝐷ℎ𝑙𝑣
 
(2.13) 
 Table 2.2  
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2.3 Assumed hypothesis 
 
The following hypothesis are assumed in the formulation of the model: 
 
1. Steady state flow 
2. The flow is one-dimensional along z. The two phases are stratified and move in a counter 
current disposition of flows. There is a perfect mixing inside both vapour and liquid phases. 
For each phase, temperature and velocity are constant at each transversal section. Pressure is 
homogeneous on the total cross-section and hence it is the same for the two phases, as there 
is the absence of any force that sustain any transversal pressure gradient. The typical 
pressure jump occurring in low speed flows, such as the one here described, is surface 
tension, whose affect can be reduced to much smaller geometries, such as tiny droplets and 
bubbles. Thus the interphase can be considered basically flat, excepting the appearance of 
ripples, waves and eventually hydraulic jumps, undesirable for our purposes. Density 𝜌 is an 
average value depending on temperature and pressure.    
3. The flow is incompressible, as the flow Mach number is negligibly small in front of unity. 
4. Liquid solution is in saturation state. 
5. No ammonia absorption occurs at the interphase. The inlet mass content of ammonia vapour 
in the solution is neglected.  
6. The liquid evaporation of ammonia is small enough respect to the mass flow rate of liquid to 
consider transversal perimeters 𝑃 a constant datum 
7. The collector details are those specified in paragraph 2.2 
8. The temperature of the wall 𝑇𝑤 has been considered homogeneous in each transversal cross- 
section in order to reduce the number of unknowns 
9.  Liquid velocity is to be considered positive if oriented in the opposite direction respect to z 
10. Ammonia boiling takes place in the whole liquid cross section, but the vapour, once 
produced, rises toward the interface rapidly, so that we can assume the process of 
evaporation taking place only superficially and hence the two phases be maintained 
stratified 
11. No end losses are present, i.e. the entire length of the absorber tube is irradiated  
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2.4 Efficiency of the collector 
The efficiency of the collector is defined as the ratio between the useful heat gained by the fluids 
circulating inside the absorber tube and the incident radiation reaching the collector. It is formulated 
as:  
𝜂 =
𝑄´̇ 𝑆
𝐺𝑏𝐿𝑎
 
(2.14) 
 
Where 𝑄´̇ 𝑆 is the thermal power per unit length delivered to the two fluids, 𝐺𝑏 is the solar beam 
irradiance and 𝐿𝑎 is the aperture width of the concentrator, transversally to z direction. The 
expression of 𝜂 can be derived by the 1.7, neglecting some terms that appear in it, in the form:    
 
𝜂 = 𝐾𝜃𝑏𝜂𝑜 − 𝑐1
(𝑇𝑒𝑞 − 𝑇𝑎𝑚𝑏)
𝐺𝑏
− 𝑐2
(𝑇𝑒𝑞 − 𝑇𝑎𝑚𝑏)
2
𝐺𝑏
− 𝑐3
𝑢
𝐺𝑏
(𝑇𝑒𝑞 − 𝑇𝑎𝑚𝑏) − 𝑐5
1
𝐺𝑏
d𝑇𝑒𝑞
d𝑡
 
(2.15) 
 
 
In this equation 𝜂 depends on three basic performance constants (ηo, 𝑐1, 𝑐2), plus the incidence 
angle modifier (IAM) 𝐾𝜃𝑏 which refers to the beam irradiance and the two correction terms taking 
into account wind and thermal inertia effects. Diffuse radiation is not taken into account, since the 
hypothesized model is of the kind clear sky. 𝑇𝑒𝑞 is an equivalent local temperature depending on 
position z and in this work is assumed to coincide with the wall temperature 𝑇𝑤. This last is a 
simplification owing to the more complex flow structure than the single-phase one considered in the 
standards.  ηo is the “zero-loss collector efficiency”, already defined above. This term is multiplied 
by 𝐾𝜃𝑏 in order to take into account the inclination of solar beam radiation respect to the normal to 
the collector plane in the z direction. In our study we will assume 𝐾𝜃𝑏 = 1, as a full sun tracking 
system is present. The last term of the right-hand side part of (2.15), representing the effects of 
transients among different operatively conditions will not compare in the model, as steady state 
conditions are assumed. Also radiative losses of eq. (1.7) are here neglected. The values of the 
constants for the PT-1 are reported in tab 2.2. 
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Symbol Value Unit 
ηo 0.710 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑒𝑠𝑠 
c1 0.3581 W m
−2 K−1 
c2 0.0019 W m
−2 K−2 
c3 0.116 J m
−3 K−1 
c5 1.278 J m
−2  K−1 
 
Table 2.3 (Abengoa Solar) 
 
Ambient conditions will be further specified. 
 
2.5 Determination of balance equations  
In this paragraph the conservation equations of mass, momentum and energy for the two-phase flow 
model are obtained. Subsequently constitutive equations are introduced in order to render the 
system closed. In the end of the paragraph a summary of the complete set of ODEs constituting the 
model is reported .  
2.5.1 Continuity equations 
It derives from the mass balance done on a small element of fluid (21). 
 
 
 
 
The above balance can be expressed mathematically in terms of density dividing all its parts by 
volume as: 
𝜕ρ
𝜕𝑡
+ 𝑑𝑖𝑣(ρ?⃗? ) = 𝑆    [
𝐾𝑔
𝑠 ∗ 𝑚3
] 
(2.16) 
    
Increase in time of 
Mass in the fluid 
element 
+ 
Source of Mass 
= 
Net mass flow rate 
into the fluid element 
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where S represent a volumetric source of mass and ?⃗?  the velocity . Considering the first two 
hypothesis of paragraph 2.3 and multiplying both sides of 2.16 by the generic cross-section surface 
A the equation becomes: 
𝑑(ρuA)
𝑑𝑧
= 𝑆𝐴 
(2.17) 
 
which can be rewrite calling:  
𝑚´̇ 𝑠 = 𝑆𝐴 (2.18) 
 
?̇?𝑝 = ρuA (2.19) 
 
Where 𝑚´̇ 𝑠 is the source mass flow rate per unit length, ?̇?𝑝 is the mass flow rate of the generic 
phase. Substituting 2.18-19 in 2.17 it becomes: 
 
𝑑?̇?𝑝
𝑑𝑧
= 𝑚´̇ 𝑠 
(2.20) 
 
From now on 𝑚´̇ 𝑠 is to be intended positive when flowing from the liquid into the vapour phase. For 
the vapour phase flow we have already seen that the cross-section is equal to 𝐴𝑖𝛼, so the continuity 
equation for vapour phase can be written as: 
𝑚´̇ 𝑠 = 𝐴𝑖
d(𝜌𝑣𝑣𝑣𝛼)
d𝑧
 
(2.21) 
 
Where the subscript 𝑣 denotes the vapour phase. For the liquid phase the cross-section is equal to         
𝐴𝑖(1 − 𝛼). The continuity equation for the liquid phase is in the form (without considering 2.3.9) :  
𝑚´̇ 𝑠 = −𝐴𝑖
d(𝜌𝑙𝑣𝑙(1 − 𝛼))
d𝑧
 
 
 (2.22) 
The continuity equation for ammonia contained into liquid phase can be written as: 
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𝑚´̇ 𝑠 = −
𝑑(?̇?𝑙𝜒)
𝑑𝑧
 
2.23 
 
Let’s consider ?̇?𝑙 positive flowing down as hypothesized in par. 2.3. Eq. (2.22-23) become: 
 
𝑚´̇ 𝑠 = 𝐴𝑖
d(𝜌𝑙𝑣𝑙(1 − 𝛼))
d𝑧
 
(2.24) 
 
 
𝑚´̇ 𝑠 =
𝑑(?̇?𝑙𝜒)
𝑑𝑧
 
(2.25) 
 
Where ?̇?𝑙  is the liquid mass flow rate and 𝜒 is the ratio between the mass of ammonia contained 
inside the liquid and the total mass of the liquid. 
𝜒 =
?̇?𝑁𝐻3
?̇?𝑙
 
(2.26) 
 
?̇?𝑙 can be written as 𝜌𝑙𝑣𝑙𝐴𝑖(1 − 𝛼).  Substituting this last expressions in (2.25) we obtain: 
 
 
𝑚´̇ 𝑠 = 𝐴𝑖
d(𝜌𝑙𝑣𝑙𝑥(1 − 𝛼))
d𝑧
 
 
(2.27) 
2.5.2 Momentum balance equations 
The momentum equation can be derived from the Newton’s Second Law applied to a fluid particle 
that states that the rate of change of momentum of a fluid particle per unit of volume is equal to the 
net sum of forces per unit of volume acting on it. This equation can be schematized as: (21) 
 
  
 
 
Change in time of 
momentum in the fluid 
particle (per unit of 
volume) 
Net forces (per unit 
volume) on the fluid 
particle 
= 
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In order to express this statement coherently with an Eulerian description of motion we use, named 
as D, the substantial derivative. The above balance can be expressed in Cartesian coordinates for the 
generic scalar k-component of velocity as: 
 
𝜌
𝐷𝑢𝑘
𝐷𝑡
= −
∂p
𝜕𝑥𝑘
+
𝜕𝜏𝑖𝑘
𝜕𝑥𝑖
+ 𝜌𝑔𝑘 + 𝑆𝑘 
(2.28) 
 
Where it has been used the Einstein notation and where: 
 
𝐷𝑢𝑘
𝐷𝑡
=
𝜕𝑢𝑘
𝜕𝑡
+ ?⃗?  𝑔𝑟𝑎𝑑 (𝑢𝑘) 
(2.29) 
 
𝜏𝑖𝑘 is the viscous stress tensor, 𝑝 is the pressure and g represents the “body forces” (per unit of 
mass) which in our study will include only gravity forces (neglecting others commonly included in 
this term and that is: centrifugal, Coriolis and electromagnetic forces that are assumed not present). 
S is a term used to take into account other superficial and interfacial forces and will be later 
specified.  
Assuming a 1-D steady state flow, the balance equation of momentum for the z-dimension for the 
p-phase becomes: 
 
𝜌𝑢
𝑑𝑢
𝑑𝑧
= −
𝜕𝑝𝑝
𝜕𝑧
+ 𝜌𝑔𝑝𝑧 + 𝑆𝑝 
(2.30) 
 
The viscous term of (2.28) doesn’t compare, since the motion is incompressible 1-D and the term  
𝜇
𝜕2𝑢
𝜕𝑧2
 
(2.31) 
 
is eliminated because its effects will be somehow taken into account modelling the term 𝑆𝑝. 
The only external superficial force contributions on the fluid element are those due to friction 
between fluids and wall of the tube and between the fluids of the two phases at the interface. They 
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are synthetically denoted by 𝑓𝑝 , as forces per unit of volume. 𝑓𝑝 is considered positive when forces 
are oriented towards the positive direction of z. As pointed out in Wallis (19) eq. (2.30) can be 
rearranged in order to highlight the different contributions to pressure variation in the form: 
 
 
𝜕𝑝𝑝
𝑑𝑧
= 𝑓𝑝 − 𝜌𝑢
𝑑𝑢
𝑑𝑧
+ 𝜌𝑔𝑝𝑧 
 
(2.32) 
 
As already said the only body force present is that due to gravitational field. Then in our case: 
 
𝑔𝑙𝑧 = 𝑔𝑣𝑧 = −𝑔 𝑠𝑖𝑛 𝜃 (2.33) 
 
 
where we have denoted with the subscript l and v the liquid and vapour phases respectively.  
𝑓𝑝 can be seen as the portion of pressure change in the fluid caused by friction forces against a 
stationary wall. This term will be modelled using the phenomenological equation of Darcy-
Weisbach (22), which permits to evaluate the pressure loss due to friction along a given length of 
pipe, known the average velocity of the fluid flow. 
(
𝑑𝑝
𝑑𝑧
)
𝐹 
= −𝑓𝐷
𝜌𝑢2
𝐷ℎ ∗ 2
= −𝑓
2𝜌𝑢2
𝐷ℎ
 
(2.34) 
 
 
where: 
 
 𝑓𝐷 is the dimensionless number Darcy friction factor 
 𝑓 is the Fanning friction factor 
 u is the mean velocity of the fluid 
 𝜌 is the density of the fluid  
 𝐷ℎ is the hydraulic diameter  
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For the vapour and liquid phase respectively then we have, considering the originals signs (velocity 
of liquid positive if oriented towards increasing values of z) and considering also that there is a 
moving interphase boundary.  
 
  
𝑓𝑣 = −
𝜌𝑣
2
[(𝑣𝑣 − 𝑣𝑙)
2
𝑓𝑣𝑙
𝐷ℎ𝑣𝑙
] ∗
𝑣𝑣 − 𝑣𝑙
|𝑣𝑣 − 𝑣𝑙|
− 𝑣𝑣|𝑣𝑣|
𝑓𝑣𝑤
𝐷ℎ𝑣𝑤
𝜌𝑣
2
        
(2.35) 
     
   
𝑓𝑙 =
𝜌𝑙
2
[
𝜌𝑣
𝜌𝑙
(𝑣𝑣 − 𝑣𝑙)
2
𝑓𝑣𝑙
𝐷ℎ𝑙𝑣
] ∗
𝑣𝑣 − 𝑣𝑙
|𝑣𝑣 − 𝑣𝑙|
−
𝜌𝑙
2
𝑣𝑙|𝑣𝑙|
𝑓𝑙𝑤
𝐷ℎ𝑙𝑤
        
(2.36) 
      
 
 
𝑣𝑣 − 𝑣𝑙
|𝑣𝑣 − 𝑣𝑙|
= 𝑠𝑖𝑔𝑛(𝑣𝑣 − 𝑣𝑙) 
(2.37) 
        
 
 
The two equations reported contain the dimensionless factors 𝑓𝐷. These factors can be evaluated by 
means of theoretical or empirical relations or using special tables, such as the Mody’s diagram, as 
we will see later.  
An additional term has to be considered in order to take into account the contribution of phase 
change into the momentum balance. We will introduce this term indicated as 𝑏𝑝 in equation 2.30. 
 
 
𝜌𝑢
𝑑𝑢
𝑑𝑧
= −
𝜕𝑝𝑝
𝜕𝑧
+ 𝜌𝑔𝑝𝑧 + 𝑓𝑝 + 𝑏𝑝 
(2.38) 
 
 
This term can be seen as the force per unit volume necessary to accelerate the mass ammonia that 
has changed of phase to the vapour flow velocity. This force for the Newton’s second law is equal 
to the rate of change of momentum of fluid particle. According to Wallis this force is to be charged 
equally to the two phases. Then the term specified for each phase is reported below. 
38 
 
𝑏𝑣 = −
𝑚´̇ 𝑠(𝑣𝑣 − 𝑣𝑙)
𝐴𝑖𝛼 ∗ 2
 
          (2.39) 
 
 
𝑏𝑙 = −
𝑚´̇ 𝑠(𝑣𝑣 − 𝑣𝑙)
𝐴𝑖(1 − 𝛼) ∗ 2
     
(2.40) 
 
 
According to Wallis the force done by reaction by the new phase during its acceleration is equally 
shared by the two phase flows.  
For the vapour phase the final momentum balance equation, where we have assumed positive the 
velocity for increasing values of z, is then:  
 
𝑑𝑝
𝑑𝑧
= −𝑣𝑔𝑠𝑖𝑛𝜃 − 𝜌𝑣 {
1
2
[(𝑣𝑣 − 𝑣𝑙)
2
𝑓𝑣𝑙
𝐷ℎ𝑣𝑙
] ∗
𝑣𝑣 − 𝑣𝑙
|𝑣𝑣 − 𝑣𝑙|
+ 𝑣𝑣|𝑣𝑣|
𝑓𝑣𝑤
𝐷ℎ𝑣𝑤
1
2
+ 𝑣𝑣
𝑑𝑣𝑣
𝑑𝑧
} −
𝑚´̇ 𝑠(𝑣𝑣 − 𝑣𝑙)
𝐴𝑖𝛼 ∗ 2
   
 
(2.41) 
 
For the liquid phase, with the same assumption regarding liquid velocity as for the previous 
equation, the final momentum balance equation becomes:  
 
𝑑𝑝
𝑑𝑧
= −𝑙𝑔𝑠𝑖𝑛𝜃 +
𝜌𝑙
2
[
𝜌𝑣
𝜌𝑙
(𝑣𝑣 − 𝑣𝑙)
2
𝑓𝑣𝑙
𝐷ℎ𝑙𝑣
] ∗
𝑣𝑣 − 𝑣𝑙
|𝑣𝑣 − 𝑣𝑙|
−
𝜌𝑙
2
𝑣𝑙|𝑣𝑙|
𝑓𝑙𝑤
𝐷ℎ𝑙𝑤
− 𝜌𝑙𝑣𝑙
𝑑𝑣𝑙
𝑑𝑧
−
𝑚´̇ 𝑠(𝑣𝑣 − 𝑣𝑙)
𝐴𝑖(1 − 𝛼) ∗ 2
 
 
(2.42) 
 
Assuming, as indicated by the hypothesis, the velocity of the liquid positive flowing in the opposite 
direction respect z, 2.42 becomes: 
 
𝑑𝑝
𝑑𝑧
= −𝑙𝑔𝑠𝑖𝑛𝜃 +
𝜌𝑙
2
[
𝜌𝑣
𝜌𝑙
(𝑣𝑣 + 𝑣𝑙)
2
𝑓𝑣𝑙
𝐷ℎ𝑙𝑣
] ∗
𝑣𝑣 + 𝑣𝑙
|𝑣𝑣 + 𝑣𝑙|
+
𝜌𝑙
2
𝑣𝑙|𝑣𝑙|
𝑓𝑙𝑤
𝐷ℎ𝑙𝑤
− 𝜌𝑙𝑣𝑙
𝑑𝑣𝑙
𝑑𝑧
−
𝑚´̇ 𝑠(𝑣𝑣 + 𝑣𝑙)
𝐴𝑖(1 − 𝛼) ∗ 2
 
(2.43) 
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2.5.3 Energy balance equations 
The energy balance equation is expression of the first law of thermodynamics applied to a fluid 
particle. This law states that the energy rate of change of a fluid particle is equal to the sum of heat 
rate delivered to it and the rate of work done by external forces on it, as indicated in the diagram 
below. The balance will be developed specifying quantities per unit of volume.  
 
 
 
 
 
𝜌
𝐷𝐸
𝐷𝑡
= −𝑑𝑖𝑣(𝑝?⃗? ) − 𝑑𝑖𝑣(𝑞 ) + 𝑆 + 𝐹 
(2.44) 
 
Where: 
𝐸 = 𝑒𝑣 +
𝑣𝑣
2
2
+ 𝑔𝑧𝑠𝑖𝑛𝜃 
(2.45) 
 
is the total energy, comprising, from left to right inside the right hand side part of 2.45 internal, 
kinetic and potential energy. The left part of 2.44 can be wrote as (21): 
 
𝜌
𝐷𝐸
𝐷𝑡
=
𝜕(𝜌𝐸)
𝜕𝑡
+ 𝑑𝑖𝑣(𝜌𝐸?⃗? ) 
(2.46) 
 
S is a source term, which will be specified later. F is the rate of work done by friction forces. 𝑞  is 
the heat flux vector. The first term of the second part of  2.44 represents the work connected with 
the isotropic part of the stress tensor. For the 1-D, steady state flow, the total energy balance for the 
z-dimension and for the p-phase becomes: 
 
d(ρEu)
d𝑧
= −
d(𝑝𝑢)
d𝑧
−
d𝑞𝑧
d𝑧
+ 𝑆𝑧 + 𝐹𝑧                   [
𝑤
𝑚3
] 
(2.47) 
Change in time of 
energy in the fluid 
particle  
+ 
Net rate of work 
done on the fluid 
particle by 
external forces 
= 
Net rate of heat 
introduced  into the 
fluid particle 
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Including the pressure term into the left hand side part of  2.47 we obtain the balance equation in 
term of total enthalpy 𝐻0, where: 
𝐻0 = 𝐸 +
𝑝
𝜌
 
(2.48) 
 
𝑑(𝜌𝑢𝐻0)
𝑑𝑧
= −
𝑑𝑞𝑧
𝑑𝑧
+ 𝑆𝑧 + 𝐹𝑧 
(2.49) 
 
 
Now let’s define the term 𝑆𝑧 which represent the heat delivered from the outside of the particle per 
unit volume. In our case this heat is transferred to the fluid by convection between the two fluids 
and between each fluid and the wall of the pipe. Subscript “p” denotes the p-phase. 
 
 
𝑆𝑧 =
ℎ𝑝𝑤(𝑇𝑤𝑝 − 𝑇𝑝)𝑃𝑝𝑤
𝐴𝑝
+ 
ℎ𝑣𝑙(𝑇𝑙 − 𝑇𝑣)𝑃𝑣𝑙
𝐴𝑝
 
(2.50) 
 
 
Where: 
 𝑃𝑝𝑤 is the arc of circumference of the pipe which is in contact with the fluid 
 𝑃𝑣𝑙 is the transversal length of the interface between fluids 
 𝐴𝑝 is the cross sectional surface of each phase 
 ℎ  is the convective heat transfer coefficient 
 
 
Considering the Fourier’s law, stating that 
 
𝑞 = −𝑘 𝑔𝑟𝑎𝑑(𝑇) 
 
(2.51) 
and the one dimensional version of it along the longitudinal direction: 
 
𝑞𝑧 = −𝑘 
𝑑𝑇
𝑑𝑧
 
(2.52) 
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substituting 2.50 and 2.52 in 2.49 and calling 𝑖𝑣 the vapour enthalpy we obtain: 
 
 
𝑑
𝑑𝑧
[  𝜌𝑣𝑣𝑣 (𝑖𝑣 +
𝑣𝑣
2
2
+ 𝑔𝑧𝑠𝑖𝑛𝜃 )] = 𝑘
𝑑2𝑇𝑝
𝑑𝑧2
+
ℎ𝑝𝑤(𝑇𝑤𝑝 − 𝑇𝑝)𝑃𝑝𝑤
𝐴𝑝
+ 
ℎ𝑣𝑙(𝑇𝑙 − 𝑇𝑣)𝑃𝑣𝑙
𝐴𝑝
+ 𝐹𝑧 
(2.53) 
 
 
Now we need to introduce a term taking into account the source of energy due to evaporation of 
liquid phase. Let’s call it 𝑀𝑧. Below we will neglect conduction along the flow direction z. 
 
 
𝑀𝑧 =
𝑚´̇ 𝑠𝑖𝑝𝑠
𝐴𝑝
 
(2.54) 
 
Where: 
 
 𝑚´̇ 𝑠 is the linear mass flow rate of ammonia evaporating 
 𝑖𝑝𝑠 is the specific enthalpy of evaporating ammonia 
 
introducing 2.54 in 2.53 it becomes: 
 
𝑑
𝑑𝑧
[  𝜌𝑝𝑣𝑝 (𝑖𝑝 +
𝑣𝑝
2
2
+ 𝑔𝑧𝑠𝑖𝑛𝜃 )] =
ℎ𝑝𝑤(𝑇𝑤𝑝 − 𝑇𝑝)𝑃𝑝𝑤
𝐴𝑝
+ 
ℎ𝑣𝑙(𝑇𝑙 − 𝑇𝑣)𝑃𝑣𝑙
𝐴𝑝
+ 𝐹𝑧 ±
𝑚´̇ 𝑠𝑖𝑝𝑠
𝐴𝑝
 
(2.55) 
 
 
where 𝑀𝑧 is positive for the vapour phase and negative for liquid phase.  
𝐹𝑧 can be seen as the product of the frictional forces acting on the fluid particle and the velocity of 
it.  
 
𝐹𝑧 = 𝑓𝑝 𝑣𝑝 (2.56) 
 
 
This quantity is neglected in the balance. 𝑓𝑝 is the same appearing in the momentum balance. 
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2.6 Constitutive equations  
 
In order to obtain a ODEs closed system we introduce the following constitutive equations, relating 
the thermodynamic variables contained into the obtained balance equations.  
 
2.6.1 Vapour constitutive equations 
 
a. Saturation pressure of Ammonia: 
The Antoine Equation is used. (23)  
 
𝑃𝑠𝑁𝐻3 = {
[10(3.18757−
506.7013
𝑡+273.16−10.409)+5 𝑃𝑎]  𝑖𝑓 𝑡 < −33.66 °𝐶
10(4.86886−
1113.928
𝑡+273.16−10.409)+5 𝑃𝑎            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 
 
 
b. Density of saturated vapour of Ammonia: 
 
𝜌𝑠𝑣 = 𝜌𝑠𝑣(𝑇𝑣) 
 
It is obtained with a parabolic interpolation of data (24) reported in tab.1 (ANNEX 1). 
 
c. Density of superheated vapour of Ammonia: 
It is approximated considering it as an ideal gas with the expression: 
 
𝜌𝑣 = 𝜌𝑣(𝑇𝑣, 𝑝) 
 
𝜌𝑣(𝑇𝑣, 𝑝) =
𝜌𝑠𝑣(𝑇𝑣) ∙ 𝑇𝑠(𝑝)
𝑃𝑠𝑁𝐻3(𝑇𝑣)
𝑝
𝑇𝑣
 
 
c. Enthalpy of saturated vapour of ammonia:  
 
𝑖𝑣𝑠 = 𝑖𝑣𝑠(𝑇𝑣) 
 
It has been obtained interpolating data (24) reported in tab. 1 in Annex 1.  
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d. Kinematic viscosity of saturated vapour of ammonia (23):  
 
𝜇𝑣 = 𝜇𝑣(𝑇𝑣) 
 
𝜇𝑣(𝑇𝑣) =
(24.033 + 0974𝑡 + 0.012𝑡2 − 2 ∙ 10−5𝑡3 + 2 ∙ 10−7𝑡4)
1000
∙
𝑙𝑏
𝑓𝑡 ∙ ℎ𝑟
 
 
Units will be automatically homogenised by the solver.  
 
e. Specific heat capacity (25): 
 
𝑐𝑝𝑣 = 𝑐𝑝𝑣
(𝑇𝑣) 
 
 
𝑐𝑝𝑣
(𝑇𝑣) = exp(−57.892 + 1.1165 ∗ 𝑇 − 8.4409 ∗ 10
−3 ∗ 𝑇2 + 3.1568 ∗ 10−5 ∗ 𝑇3 − 5.8318 ∗ 10−8 ∗ 𝑇4 + 4.2728 ∗ 10−11
∗ 𝑇5) 
𝐾𝐽
𝐾𝑔 ∙ 𝐾
 
 
 
f. Enthalpy of superheated vapour of ammonia:  
 
𝑖𝑣 = 𝑖𝑣(𝑇𝑣, 𝑝) 
 
𝑖𝑣(𝑇𝑣, 𝑝) = 𝑖𝑣𝑠(𝑝) + ∫ 𝑐𝑝𝑣
(𝑇𝑣) 𝑑𝑡
𝑇𝑣
𝑇𝑣𝑠(𝑝)
 
 
or alternatively, utilizing a mean value for the specific heat. 
 
𝑖𝑣 = 𝑖𝑣𝑠(𝑝) + 𝑐𝑝𝑚 (𝑇𝑣 − 𝑇𝑣𝑠) 
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g. Thermal conductivity (26):  
 
𝑘𝑣 = 𝑘𝑣(𝑇𝑣) 
 
𝑘𝑣(𝑇𝑣) =
13.171 + 0.1613 ∙ 𝑡 − 0.002 ∙ 𝑡2 + 3 ∙ 10−5𝑡3
1000
∙
𝐵𝑇𝑈
ℎ𝑟 ∙ 𝑓𝑡 ∙ 𝑅
 
 
 
2.6.2 Liquid constitutive equations 
 
h. Saturation pressure of ammonia and lithium nitrate solution (27):  
 
 
𝑃𝑠𝑙𝑐 = 𝑝𝑠(𝑇𝑙, 𝑥) 
 
 
𝑝𝑠(𝑇𝑙, 𝑥) = {
𝑃𝑠𝑙(𝑥, 𝑡)                                                                                𝑖𝑓 𝑥 ≤ 0.7
𝑃𝑠𝑙(0.7, 𝑡) ∗ (
1 − 𝑥
0.3
) + 𝑃𝑠𝑁𝐻3(𝑡) ∗ (
𝑥 − 0.7
0.3
)             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 
 
 
Where: 
  
𝑃𝑠𝑙 = 1000 ∗ exp [4.995 + 88.549𝑥 − 197.699𝑥
2 + 134939𝑥3
+
(−1793.219 − 22317.116𝑥 + 61289𝑥2 − 45238.592𝑥3)
(𝑡 + 273.16)
]𝑃𝑎 
 
 
 
 
i. Density of ammonia and lithium nitrate solution (27): 
 
 
𝜌𝑙 = 𝜌𝑙(𝑥, 𝑇𝑙) 
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𝜌𝑙(𝑥, 𝑇𝑙) = 1000[1.521 − 4.528 ∗ 10
−1 𝑥 + (−1.961 ∗ 10−5 − 1.726 ∗ 10−3 𝑥) ∗ (273.15 +
𝑇𝑙)] 
𝐾𝑔
𝑚3
    𝑥 < 0.8   
 
 
j. Enthalpy of ammonia and lithium nitrate solution (28): 
 
 
𝑖𝑙 = 𝑖𝑙(𝑥, 𝑡𝑙) 
 
 
𝑖𝑙(𝑥, 𝑡𝑙) =
{
 
 [(200𝑥 − 215) + 1570 ∗ (0.54 − 𝑥)2 + (0.5593 + 3.241𝑥)𝑡𝑙 + (1.039 + 0.924𝑥)10
−3(𝑡𝑙 + 273.16
2 − 273.162)] 
𝐾𝐽
𝐾𝑔
 𝑖𝑓 𝑥 ≤ 0.54
[(200𝑥 − 215) + 689 ∗ (𝑥 − 0.54)1.5 + (0.5593+ 3.241𝑥)𝑡𝑙 + (1.039 + 0.924𝑥)10
−3(𝑡𝑙 + 273.16
2 − 273.162)] 
𝐾𝐽
𝐾𝑔
     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 
 
 
 
k. Kinematic viscosity of ammonia and lithium nitrate solution (27) : 
 
𝜇𝑙 = 𝜇𝑙𝑐(𝑥, 𝑡𝑙) 
 
𝜇𝑙𝑐(𝑥, 𝑡𝑙) = {
𝜇𝑙(𝑥, 𝑡𝑙)                                                                                      𝑖𝑓 𝑥 ≤ 0.5
 𝜇𝑙(𝑥, 𝑡𝑙) + [𝜇𝑠𝑛(𝑡) − 𝜇𝑙(1, 𝑡)] ∙ [
𝑥 − 0.5
0.5
]    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 
 
Where:  
 
𝜇𝑙(𝑥, 𝑡𝑙) = 0.001 𝑒𝑥𝑝 (𝑏𝑏(𝑥) + 1000
𝑎𝑎(𝑥)
𝑡 + 273.15
) ∙ 𝑃𝑎 ∙ 𝑠 
 
𝑎𝑎(𝑥) = 10.094𝑥 − 18.394𝑥2 + 1.918 
 
𝑏𝑏(𝑥) = −35.627𝑥 + 51.529𝑥2 − 1.205 
And 
 
𝜇𝑠𝑛(𝑡) is the liquid ammonia viscosity obtained interpolating data in tab. 2 in Annex 1.  
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l. Specific heat capacity (29): 
 
𝑐𝑝𝑙𝑐 = 𝑐𝑝𝑙𝑐
(𝑥, 𝑡𝑙) 
 
 
𝑐𝑝𝑙𝑐
(𝑥, 𝑡𝑙) = {
𝑐𝑝𝑙
(𝑥, 𝑡𝑙)                                                                                      𝑖𝑓 𝑥 ≤ 0.7
 𝑐𝑝𝑙
(𝑥, 𝑡𝑙) + [𝑐𝑝𝑛𝑁
(𝑡𝑙) − 𝑐𝑝𝑙
(1, 𝑡𝑙)] ∙ [
𝑥 − 0.7
0.3
]
2
   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 
 
where 
 
𝑐𝑝𝑙
(𝑥, 𝑡𝑙) = 1000 ∙ [𝑎(𝑥) + 𝑏(𝑥) ∙ (𝑡 + 273.15)] ∙
𝐽
𝐾𝑔 ∙ 𝐾
 
 
𝑎(𝑥) = 0.755 + 3.5𝑥 + 0.392𝑥2 
 
𝑏(𝑥) = 6.24 ∙ 10−4 + 5.79 ∙ 10−3𝑥 − 5.54 ∙ 10−3 ∙ 𝑥2 
 
And where  
𝑐𝑝𝑛𝑁
(𝑡𝑙) 
 
is the specific heat capacity for liquid ammonia, obtained interpolating data of tab. 2 in Annex 1. 
 
 
m. Thermal conductivity (29):  
 
𝑘𝑙 = 𝑘𝑙(𝑥, 𝑡𝑙) 
 
𝑘𝑙(𝑥, 𝑡𝑙) = 0.53835 − 0.002342𝑡 
 
2.7 Efficiency equation 
In this equation we used the 2.15 in order to express the heat usefully delivered from the sun 
radiation to the fluids and we match it to the sum of the enthalpy increases within the two fluids. 
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ℎ𝑤𝑣(𝑇𝑤𝑣 − 𝑇𝑣)𝑃𝑣𝑤 + ℎ𝑤𝑙(𝑇𝑤𝑙 − 𝑇𝑙)𝑃𝑙𝑤 = 𝐺𝑏𝐿𝑎 [𝐾𝜃𝑏𝜂𝑜 − 𝑐1
(𝑇𝑒𝑞 − 𝑇𝑎𝑚𝑏)
𝐺𝑏
− 𝑐2
(𝑇𝑒𝑞 − 𝑇𝑎𝑚𝑏)
2
𝐺𝑏
− 𝑐3
𝑢
𝐺𝑏
(𝑇𝑒𝑞 − 𝑇𝑎𝑚𝑏)] 
(2.57) 
     
 
 
2.8 Summary of the ODEs set of equations 
Below are reported all the equations derived which will be later discretized. 
 
 
𝑃𝑠𝑙𝑐 = 𝑝𝑠(𝑇𝑙 , 𝑥) 
 
(1) 
𝑚´̇ 𝑠 = 𝐴𝑖
𝑑(𝜌𝑣𝑣𝑣𝛼)
𝑑𝑧
 
(2) 
𝑚´̇ 𝑠 = 𝐴𝑖
𝑑[𝜌𝑙𝑣𝑙(1 − 𝛼)]
𝑑𝑧
 
(3) 
𝑚´̇ 𝑠 = 𝐴𝑖
𝑑[𝜌𝑙𝑣𝑙𝑥(1 − 𝛼)]
𝑑𝑧
 
(4) 
𝑑𝑝
𝑑𝑧
= −𝑣𝑔𝑠𝑖𝑛𝜃 − 𝜌𝑣 {
1
2
[(𝑣𝑣 + 𝑣𝑙)
2
𝑓𝑣𝑙
𝐷ℎ𝑣𝑙
] ∗
𝑣𝑣 + 𝑣𝑙
|𝑣𝑣 + 𝑣𝑙|
+ 𝑣𝑣|𝑣𝑣|
𝑓𝑣𝑤
𝐷ℎ𝑣𝑤
1
2
+ 𝑣𝑣
𝑑𝑣𝑣
𝑑𝑧
} −
𝑚´̇ 𝑠(𝑣𝑣 + 𝑣𝑙)
𝐴𝑖𝛼 ∗ 2
 
(5) 
𝑑𝑝
𝑑𝑧
= −𝑙𝑔𝑠𝑖𝑛𝜃 +
𝜌𝑙
2
[
𝜌𝑣
𝜌𝑙
(𝑣𝑣 + 𝑣𝑙)
2
𝑓𝑣𝑙
𝐷ℎ𝑙𝑣
] ∗
𝑣𝑣 + 𝑣𝑙
|𝑣𝑣 + 𝑣𝑙|
+
𝜌𝑙
2
𝑣𝑙|𝑣𝑙|
𝑓𝑙𝑤
𝐷ℎ𝑙𝑤
− 𝜌𝑙𝑣𝑙
𝑑𝑣𝑙
𝑑𝑧
−
𝑚´̇ 𝑠(𝑣𝑣 + 𝑣𝑙)
𝐴𝑖(1 − 𝛼) ∗ 2
 
(6) 
𝑑
𝑑𝑧
[  𝜌𝑣𝑣𝑣 (𝑖𝑣 +
𝑣𝑣
2
2
+ 𝑔𝑧𝑠𝑖𝑛𝜃 )] =
ℎ𝑣𝑤(𝑇𝑤 − 𝑇𝑣)𝑃𝑣𝑤
𝐴𝑖𝛼
+ 
ℎ𝑣𝑙(𝑇𝑙 − 𝑇𝑣)𝑃𝑣𝑙
𝐴𝑖𝛼
+
𝑚´̇ 𝑠𝑖𝑣𝑠
𝐴𝑖𝛼
 
(7) 
𝑑
𝑑𝑧
[  𝜌𝑙𝑣𝑙 (𝑖𝑙 +
𝑣𝑙
2
2
+ 𝑔𝑧𝑠𝑖𝑛𝜃 )] =
ℎ𝑣𝑙(𝑇𝑙 − 𝑇𝑣)𝑃𝑣𝑙
𝐴𝑖(1 − 𝛼)
−
ℎ𝑙𝑤(𝑇𝑤 − 𝑇𝑙)𝑃𝑙𝑤
𝐴𝑖(1 − 𝛼)
+
𝑚´̇ 𝑠𝑖𝑣𝑠
𝐴𝑖(1 − 𝛼)
 
(8) 
𝜌𝑣 = 𝜌𝑣(𝑇𝑣, 𝑝) 
 
(9) 
𝜌𝑙 = 𝜌𝑙(𝑥, 𝑇𝑙) 
 
(10) 
𝑖𝑣 = 𝑖𝑣(𝑇𝑣 , 𝑝) 
 
(11) 
𝑖𝑙 = 𝑖𝑙(𝑥, 𝑡𝑙) 
 
(12) 
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𝑖𝑣𝑠 = 𝑖𝑣(𝑇𝑙 , 𝑝) 
 
(13) 
ℎ𝑤𝑣(𝑇𝑤𝑣 − 𝑇𝑣)𝑃𝑣𝑤 + ℎ𝑤𝑙(𝑇𝑤𝑙 − 𝑇𝑙)𝑃𝑙𝑤 = 𝐺𝑏𝐿𝑎 [𝐾𝜃𝑏𝜂𝑜 − 𝑐1
(𝑇𝑒𝑞−𝑇𝑎𝑚𝑏)
𝐺𝑏
− 𝑐2
(𝑇𝑒𝑞−𝑇𝑎𝑚𝑏)
2
𝐺𝑏
−
𝑐3
𝑢
𝐺𝑏
(𝑇𝑒𝑞 − 𝑇𝑎𝑚𝑏)]     
(14) 
 
 
2.9 Friction factors 
Friction factors need to be determined in order to insert them inside the Darcy-Weisbach equation, 
that, as already seen, appears inside the momentum equations. They can be evaluated either as 
averaged values, or with dependence on the other flow variables, according to the degree of 
complexity desired. These factors are the three seen: liquid-tube, liquid-vapour, vapour-tube. Due to 
the complexity of the flow configuration and to the fact that it has not been possible to find in 
literature a specific solution to this issue, a simplification has been made. The overall flow has been 
split into two simpler in order to separately determine, on one side the friction between wall and 
fluids and on the other side the friction at the interface. For the specific, it has been considered an 
internal fully developed flow inside a pipe for the first case and a flat plate boundary layer flow for 
the second.  
 
2.9.1 Circular tubes 
The methodology of utilizing the flow inside a tube as a simplification has been considered 
acceptable, given that the shape of the liquid vein cross section is non-important, as the gradients 
are concentrated at the transversal boundaries when the flow is turbulent, this either for friction or 
heat transfer. (30) (31 p. 6-12). For the laminar regime the cross section shape is more influent, but 
not relevant for the circular segment in our flow. (32)  
Thence, an equivalent circular shape cross section with diameter equal to the hydraulic diameter of 
the non-circular section can be considered for determining friction factors. Note that the wetted 
perimeter inside the hydraulic diameter formula shall not include the free surface. (31 p. 6-12) 
 
For laminar flows in smooth tubes, 𝑓𝐷 can be obtained from the Hagen-Poiseuille equation. (31 p. 6-
10) 
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𝑓𝐷 =
64
𝑅𝑒
 
(2.58) 
 
 
Re is the Reynolds number defined as: 
 
𝑅𝑒𝐷 =
𝜌𝑣𝐷ℎ
𝜇
 
(2.59) 
 
 
For turbulent flows in smooth tubes the Blasius equation (2.60) gives accurate values of 𝑓𝐷 for a 
wide range of Re (31 p. 6-10). 
 
 
𝑓𝐷 =
0.079
𝑅𝑒0.25
                              4000 < 𝑅𝑒 < 105 
(2.60) 
 
 
In rough pipes 𝑓𝐷 can be determined for a wide range of Reynolds number using the Moody 
diagram reported in fig. 2.4. In this chart the friction factor also depends on the relative pipe 
roughness ε. 
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Fig. 2.4 (22 p. 490) 
 
A good approximation for 𝑓𝐷 in rough pipes, covering the entire turbulent regime is given by the 
Colebrook-White equation (2.61). (33 p. 42) 
 
 
 
1
√𝑓𝐷
= −2 log10 (
𝜀
3.7 ∗ 𝐷ℎ
+
2.51
𝑅𝑒√𝑓𝐷
) 
(2.61) 
 
Where: 
 
 𝑓𝐷 is the Darcy friction factor  
 𝜀  is the roughness [m] 
 𝐷ℎ is the hydraulic diameter  [m]  
 Re is the Reynolds number 
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Lastly for partially filled flows inside pipes where the fluid has a free surface the following 
variation of Colebrook formula can be used. (34 p. 126) 
 
1
√𝑓𝐷
= −2 log10 (
𝜀
12 ∗ 𝑅ℎ
+
2.51
𝑅𝑒√𝑓𝐷
) 
 
(2.62) 
 
Where the symbols have the same meaning as in the above relations. The hydraulic radius 𝑅ℎ is the 
ratio between fluid cross sectional area and wetted perimeter. 
 
 
𝑅ℎ =
𝐴
𝑃𝑤
 
(2.63) 
 
 
𝜀 for different kind of tubes material are reported in table 2.4. 
 
Material  𝜀 Source  
Hot drawn steel tubes  0.05-0.1 mm (30 p. 728) 
Drawn tubing  0.00152 mm (31 p. 6-10) 
 
Table 2.4 
 
2.9.2 Non-circular ducts 
Both for the friction problem and for the convective heat exchange determination in non-circular 
ducts, it is possible to use results and correlations valid for circular tubes, taking an effective 
diameter as characteristic length. This diameter is the hydraulic diameter and is defined as:  
𝐷ℎ =
4𝐴
𝑊𝑝
 
(2.64) 
 
Where A is the cross section surface and 𝑊𝑝 is the wetted perimeter.  
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For turbulent flows this approximation is reasonable for values of the Prandtl number higher than 
0.7. For the laminar regime, using circular tubes correlations give less accurate results, especially in 
the case of cross section characterized by sharp corners. (22 p. 518) 
 
2.9.3 Flat plate in parallel flow 
The friction at the interface will be assumed as that existing between an isothermal flat plate and a 
fluid flowing parallel on it. A correlation for the local friction coefficient for turbulent flows on an 
isothermal flat plate is (22 p. 410): 
 
𝐶𝑓𝑥 = 0.0592 ∙ 𝑅𝑒𝑥
− 
1
5 
(2.65) 
 
valid for: 
 
𝑅𝑒𝑐 ≲ 𝑅𝑒 ≲ 10
8 
 
 
Where 𝐶𝑓𝑥 is the local friction coefficient defined as:  
 
𝐶𝑓𝑥 =
𝜏𝑠,𝑥
𝜌𝑢∞/2
 (2.66) 
 
 
Being 𝜏𝑠,𝑥 the local wall shear stress and 𝑢∞ the undisturbed velocity. 𝑅𝑒𝑐 is the critical value of the 
Reynolds number. 
An additional iterative corrector term can be added to 2.65 in order to take into account the effect of 
blowing or suction of matter at the interface in turbulent flows (30 p. 723). 2.65 becomes then: 
 
𝐶𝑓𝑥 = 0.0592 ∙ 𝑅𝑒𝑥
− 
1
5 ∙ 𝐵𝐶𝑓 
(2.67) 
 
 
In such a circumstance, a nonzero component of velocity normal to the flat plate is present. This 
term is defined as: 
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𝐵𝐶𝑓 = [
𝑙𝑛(1 + 𝐵𝑓) 
𝐵𝑓
]
1,25
(1 + 𝐵𝑓)
0,25
 
(2.68) 
 
{
𝐵𝑓𝑣
𝐵𝑓𝑙
} =
2 {
𝑣𝑠𝑣
𝑣𝑠𝑙
}
{
𝑣𝑣
𝑣𝑙
} 𝐶𝑓𝑥
 
(2.69) 
 
 
where the subscripts 𝑠𝑣 and 𝑠𝑙 refer to the components of the velocity normal to the surface for the 
vapour and liquid phase respectively. It is worth recalling here that the local friction factor 𝑓𝑑,𝑥 is 
equal to four times 𝐶𝑓𝑥, thus leading to: 
 
𝑓𝑑,𝑥  = 4 ∙ 0.0592 ∙ 𝑅𝑒𝑥
− 
1
5 ∙ 𝐵𝐶𝑓 
(2.70) 
 
 
2.10 Convective heat transfer coefficients 
Taking the same approach used for determining the friction factors, the problem of thermal 
exchanges within the fluids can be reduced to the determination of two simpler problems of 
convective heat transfer, whose effects are superimposed inside the balance equations. The first is 
the convective heat transfer for an internal flow inside a non-circular tube, which will be adopted to 
evaluate the heat exchange occurring between the two fluids and the wall of the tube. The second is 
the heat transfer in a flat plate with parallel flow. 
 
2.10.1 Flow inside ducts  
The local Nusselt number for fully developed turbulent flow inside smooth circular tubes can be 
evaluated by means of the Colburn equation 2.71, which derives from the Chilton-Colburn analogy. 
(22 p. 514) 
 
𝑁𝑢 = 0.023 𝑅𝑒4/5𝑃𝑟1/3 (2.71) 
 
 
54 
 
An alternative correlation for the same problem, for heating configuration (𝑇𝑤 > 𝑇𝑓𝑙𝑢𝑖𝑑), can be 
found in the Dittus Boelter equation (31 p. 5-16), defined as: 
 
𝑁𝑢 = 0.0243 𝑅𝑒0.8𝑃𝑟0.4 (2.72) 
 
 
and valid for  𝑅𝑒 ≥ 10000, 0.6 < 𝑃𝑟 < 160 and  
𝐿
𝐷
≥ 10. However, 2.72 can be used only up to 
moderate temperature differences. For higher temperature variations the Sieder and Tate equation is 
recommended. The latter is defined as: 
 
𝑁𝑢 = 0.0243 𝑅𝑒0.8𝑃𝑟0.4 ( 
𝜇𝑏
𝜇𝑤
 )
0.14
 
(2.73) 
 
 
 
And valid for  𝑅𝑒 > 10000,  0.7 < 𝑃𝑟 < 16700 and 
𝐿
𝐷
≥ 10.   
 
The two 2.72 and 2.73 can produce an error up to 25%. A higher accuracy (max 10% of error) is 
offered by the Gnielinski correlation, which is also valid either for the transition and turbulent 
regime and is defined as: 
 
𝑁𝑢𝐷 =
𝑓𝑤
8
(𝑅𝑒𝐷 − 1000)𝑃𝑟
1 + 12.7 (
𝑓𝑤
8 )
1/2
(𝑃𝑟2/3 − 1) 
 
(2.74) 
 
It is valid for: 0,5 ≤ 𝑃𝑟 ≤ 2000 and 3000 ≤ 𝑅𝑒𝐷 ≤ 5 × 10
6.  
The properties of the above equations should be evaluated at the bulk temperature. The Prandtl 
number expression is reminded in 2.75.  
 
𝑃𝑟 =
𝑐𝑝𝜇
𝑘
  
 
(2.75) 
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Also for 2.74, a correction term for taking into account large variation of temperature can be added 
(31 p. 5-17). This term is, for liquids, either laminar or turbulent: 
𝑈 = ( 
𝜇𝑏
𝜇𝑤
 )
0.14
 
 
(2.76) 
for gases in laminar regime, U is unitary, while for gases in turbulent regime: 
𝑈 = ( 
𝜇𝑏
𝜇𝑤
 )
0.36
 
(2.77) 
 
Another corrective term can be added in order to take into account the effects near the entry region 
on the averaged Nusselt number 𝑁𝑢𝐷̅̅ ̅̅ ̅̅  (22). For the turbulent flow the entry length is short (10 <
𝑥𝑓𝑑/𝐷 < 60), thence the entry region effects can be considered negligible and the averaged Nusselt 
number 𝑁𝑢𝐷̅̅ ̅̅ ̅̅  can be assumed equal to the Nusselt number associated to the fully developed flow 
𝑁𝑢𝐷,𝑓𝑑. However, in the case of short tubes, 𝑁𝑢𝐷̅̅ ̅̅ ̅̅  can be evaluated by the expression: 
 
𝑁𝑢𝐷̅̅ ̅̅ ̅̅
𝑁𝑢𝐷,𝑓𝑑
= 1 +
𝐶
(𝐿/𝐷)𝑚
 
(2.78) 
 
Where the two constants C and m depends on: the inlet geometry, Re and Pr. Suggested values for 
these parameters are: C=1 and 𝑚 = 2/3. 
 
2.10.2 Flat plate in parallel flow 
The heat transfer at the interface will be estimated approximately as that existing between a flat 
plate and the fluid in external parallel flow. Using this simplification we assume the presence of a 
free boundary layer and then the effects of the presence of the walls of the tube on the developing of 
the boundary layer are neglected. Moreover we will assume the flow of the boundary layer turbulent 
from the beginning (L=0), assuming that the transition from laminar to turbulent flow is already 
occurred before the entry into our control region. The correlation used is that for flat plates with 
constant heat flux conditions in turbulent flow, defined as (22 p. 413): 
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𝑁𝑢𝑥 = 0.0308 𝑅𝑒𝑥
4/5𝑃𝑟1/3 (2.79) 
 
And valid for  0.6 ≤ 𝑃𝑟 ≤ 60. 
In order to take into account the effect of evaporation (blowing or suction) at the interphase on the 
heat transfer coefficient, the iterative corrective factor 𝐵𝑁𝑢 is introduced. 𝐵𝑁𝑢 is similar to that used 
in paragraph 2.9.3 for the friction, and is defined as (30 p. 723): 
𝐵𝑁𝑢 = [
ln(1 + 𝐵ℎ) 
𝐵ℎ
]
1,25
(1 + 𝐵ℎ)
0,25 
(2.80) 
 
With 𝐵ℎ: 
𝐵ℎ =
𝑣𝑦(𝑥, 0)𝑅𝑒𝑥𝑃𝑟
𝑣∞𝑁𝑢𝑥
 
(2.81) 
 
And therefore for our flow configuration: 
{
𝐵ℎ𝑣
𝐵ℎ𝑙
} =
{
𝑣𝑠𝑣
𝑣𝑠𝑙
} 𝑅𝑒𝑥𝑃𝑟
{
𝑣𝑣
𝑣𝑙
}𝑁𝑢𝑥
 
(2.82) 
 
Where 𝑣𝑠𝑣 and 𝑣𝑠𝑙 are respectively the velocities of the phase blowed and sucked from the surface. 
The (2.80) becomes then: 
𝑁𝑢𝑥 = 0.0308 𝑅𝑒𝑥
4/5𝑃𝑟1/3 ∙ 𝐵𝑁𝑢 (2.83) 
 
Another corrective factor, indicated with Π𝑡, may be introduced to consider that the thermal 
perimeter does not coincide with the hydraulic perimeter (30 p. 655).  
 
Π𝑡 = 1 −
0.75
1 + 𝑃𝑟
(1 −
𝑃𝑡
𝑃
) 
(2.84) 
 
In our study this term is taken equal to one.  
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3. ANALYSIS OF A SIMPLIFIED MODEL  
 
 
 
 
Intro   
In this chapter a first attempt to numerically solve the model developed in chapter 4 is carried out. 
The ODEs system was discretized and the resulting algebraic system was solved utilizing as solver 
the software Mathcad 14. In order to reduce the complexity during this phase, some simplifications 
of the model were adopted. These simplifications consist in the assumption of averaged values for 
the friction factors and for the convective heat transfer coefficients along the tube. 
 
3.1 Discretization of equations  
Once the set of ODEs is determined, equations are discretized using the finite-difference method 
(FDM) with explicit forward, backward and central discretizing schemes. As already said the 
geometrical domain is one-dimensional. The result is a 1D Cartesian grid composed by 3 nodes. A 
small number of nodes is used at this point in order to reduce the complexity while testing the 
goodness of the discretized model. Below are reported an illustration of the discretized domain 
. 
 
 
 
 
 
 
As shown in the 1-14, the approximation of the first derivative is required. This approximation can 
be done expressing the function which need to be derived in a point of the domain as a Taylor series 
expansion. (35) 
3 2 1 
 
ΔZ 
Z 
Fig. 3.1 
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In fact, using the Taylor series expansion,  a continuous differentiable function ∅(𝑥) can be 
approximated, in the vicinity of 𝑥𝑖, as: 
 
∅(𝑥) = ∅(𝑥𝑖) + (𝑥 − 𝑥𝑖) (
𝜕∅
𝜕𝑥
)
𝑖
+
(𝑥 − 𝑥𝑖)
2
2!
(
𝜕2∅
𝜕𝑥2
)
𝑖
+
(𝑥 − 𝑥𝑖)
3
3!
(
𝜕3∅
𝜕𝑥3
)
𝑖
+⋯+
(𝑥 − 𝑥𝑖)
𝑛
𝑛!
(
𝜕𝑛∅
𝜕𝑥𝑛
)
𝑖
+𝐻 
(3.1) 
 
 
Where H indicates higher order terms. Using this expression in order to approximate the function in 
the points of the domain close to 𝑥𝑖, one can obtain an approximated expression of the derivative 
(
𝜕∅
𝜕𝑥
)
𝑖
 in terms of the values of the function in these points. If we call these points close to 𝑥𝑖, 𝑥𝑖+1 
and  𝑥𝑖−1, we can obtain the following approximating expressions for the first derivative in 𝑥𝑖. 
 
(
𝜕∅
𝜕𝑥
)
𝑖
≈
∅𝑖+1 − ∅𝑖
𝑥𝑖+1 − 𝑥𝑖
 
 
 (3.2) 
(
𝜕∅
𝜕𝑥
)
𝑖
≈
∅𝑖 − ∅𝑖−1
𝑥𝑖 − 𝑥𝑖−1
 
 
 (3.3) 
(
𝜕∅
𝜕𝑥
)
𝑖
≈
∅𝑖+1 − ∅𝑖−1
𝑥𝑖+1 − 𝑥𝑖−1
 
 (3.4) 
 
1,2,3 are respectively called backward discretizing scheme (BDS), forward discretizing scheme 
(FDS) and central discretizing scheme (CDS). As we can see, a part of expression (1) has been 
neglected in the definition of 1-3. This part constitutes the truncation error intrinsically present 
when using discretization methods.   
While discretizing equations of our set, we will use FDS for the first node, BDS for the third node 
and, in order to obtain a higher accuracy, the CDS in the second node. Afterwards, discretizing the 
domain with more than three nodes, one could use the CDS for all nodes which are internal respect 
the boundaries. 
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A summary list of the discretized equations is reported in the scheme below. 
 
 
Node1: (14 equations). Forward difference scheme 
 
𝑚´̇ 𝑠1 = 𝐴𝑖 (
𝜌𝑙2 − 𝜌𝑙1
∆𝑧
𝑣𝑙1(1 − 𝛼1) +
𝑣𝑙2 − 𝑣𝑙1
∆𝑧
𝜌𝑙1(1 − 𝛼1) −
𝛼2 − 𝛼1
∆𝑧
𝜌𝑙1𝑣𝑙1) 
 
(1) 
𝑚´̇ 𝑠1 = 𝐴𝑖 (
𝜌𝑙2 − 𝜌𝑙1
∆𝑧
𝑣𝑙1χ1(1 − 𝛼1) +
𝑣𝑙2 − 𝑣𝑙1
∆𝑧
𝜌𝑙1χ1(1 − 𝛼1) +
χ2 − χ1
∆𝑧
𝜌𝑙1𝑣𝑙1(1 − 𝛼1) −
𝛼2 − 𝛼1
∆𝑧
𝜌𝑙1𝑣𝑙1χ1) 
 
(2) 
𝑚´̇ 𝑠1 =
𝜌𝑣1𝐴𝑖𝛼1𝑣𝑣1
∆𝑧
 
(3) 
𝑝1 − 𝑝2
∆𝑧
= 
𝑣1
𝑔sin𝜃 + 𝜌𝑣1 {
1
2
[(𝑣𝑣1 + 𝑣𝑙1)
2
𝑓𝑣𝑙
𝐷ℎ𝑣𝑙
] ∗
𝑣𝑣1 + 𝑣𝑙1
|𝑣𝑣1 + 𝑣𝑙1|
+ 𝑣𝑣1|𝑣𝑣1|
𝑓𝑣𝑤
𝐷ℎ𝑣𝑤
1
2
+ 𝑣𝑣1
𝑣𝑣2 − 𝑣𝑣1
∆𝑧
}
+
𝑚´̇ 𝑠(𝑣𝑣1 + 𝑣𝑙1)
𝐴𝑖𝛼1 ∗ 2
 
(4) 
𝑝2 − 𝑝1
∆𝑧
= −𝑙1𝑔sin𝜃 +
𝜌𝑙1
2
[
𝜌𝑣1
𝜌𝑙1
(𝑣𝑣1 + 𝑣𝑙1)
2
𝑓𝑣𝑙
𝐷ℎ𝑙𝑣
] ∗
𝑣𝑣1 + 𝑣𝑙1
|𝑣𝑣1 + 𝑣𝑙1|
+
𝜌𝑙
2
𝑣𝑙|𝑣𝑙|
𝑓𝑙𝑤
𝐷ℎ𝑙𝑤
− 𝜌𝑙1𝑣𝑙1
𝑣𝑙2 − 𝑣𝑙1
∆𝑧
−
𝑚´̇ 𝑠(𝑣𝑣1 + 𝑣𝑙1)
𝐴𝑖(1 − 𝛼1) ∗ 2
 
 
(5) 
𝐴𝑖𝛼1 [
𝜌𝑣2−𝜌𝑣1
∆𝑧
(𝑣𝑣1𝑖𝑣1+
𝑣𝑣13
2
+𝑔sin𝜃𝑧1𝑣𝑣1) + 
𝑣𝑣2−𝑣𝑣1
∆𝑧
(𝜌𝑣1𝑖𝑣1+
3
2
𝑣𝑣12𝜌𝑣1
+𝑔sin𝜃𝑧1𝜌𝑣1) +
𝑖𝑣2− 𝑖𝑣1
∆𝑧
𝜌𝑣1𝑣𝑣1+𝑔sin𝜃𝜌𝑣1𝑣𝑣1] = ℎ𝑣𝑤(𝑇𝑤1 − 𝑇𝑣1)𝑃𝑣𝑤 + ℎ𝑣𝑙(𝑇𝑙1 − 𝑇𝑣1)𝑃𝑣𝑙 +𝑚´̇ 𝑠1𝑖𝑣𝑠1 
(6) 
𝐴𝑖(1 −𝛼1) [
𝜌𝑙1−𝜌𝑙2
∆𝑧
(𝑣𝑙1𝑖𝑙1+
𝑣𝑙13
2
+𝑔sin𝜃𝑧1𝑣𝑙1) − 
𝑣𝑙2 −𝑣𝑙1
∆𝑧
(𝜌𝑙1𝑖𝑙1 +
3
2
𝑣𝑙12𝜌𝑙1
+𝑔sin𝜃𝑧1𝜌𝑙1) −
𝑖𝑙2− 𝑖𝑙1
∆𝑧
𝜌𝑙1𝑣𝑙1 −𝑔sin𝜃𝜌𝑙1𝑣𝑙1] = ℎ𝑙𝑤(𝑇𝑤1 − 𝑇𝑙1)𝑃𝑣𝑤 + ℎ𝑣𝑙(𝑇𝑣1 − 𝑇𝑙1)𝑃𝑣𝑙 −𝑚´̇ 𝑠1𝑖𝑣𝑠1 
(7) 
𝑃𝑠𝑙𝑐1 = 𝑝𝑠(𝑇𝑙1, 𝑥) 
 
(8) 
𝜌
𝑣1
= 𝜌
𝑣
(𝑇𝑣1, 𝑝1) (9) 
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𝜌
𝑙1
= 𝜌
𝑙
(χ
1
, 𝑇𝑙1) (10) 
𝑖𝑣1 = 𝑖𝑣(𝑇𝑣1, 𝑝1) (11) 
𝑖𝑙1 = 𝑖𝑙(χ1, 𝑡𝑙1) (12) 
𝑖𝑣𝑠1 = 𝑖𝑣(𝑇𝑙1, 𝑝1) 
 
(13) 
ℎ𝑤𝑣(𝑇𝑤1 − 𝑇𝑣1)𝑃𝑣𝑤 + ℎ𝑤𝑙(𝑇𝑤1 − 𝑇𝑙1)𝑃𝑙𝑤 = 𝐺𝑏𝐿𝑎 [𝐾𝜃𝑏𝜂𝑜 − 𝑐1
(𝑇𝑤1 − 𝑇𝑎𝑚𝑏)
𝐺𝑏
− 𝑐2
(𝑇𝑤1 − 𝑇𝑎𝑚𝑏)
2
𝐺𝑏
− 𝑐3
𝑢
𝐺𝑏
(𝑇𝑤1 − 𝑇𝑎𝑚𝑏)] 
(14) 
𝑚´̇ 𝑠1𝑐𝑝𝑣𝑠〈𝑇𝑣1〉(𝑇𝑣1 − 𝑇𝑙1𝑚) = ℎ𝑤𝑣(𝑇𝑤1𝑚 − 𝑇𝑣1𝑚)𝑃𝑣𝑤 + ℎ𝑣𝑙(𝑇𝑙1𝑚 − 𝑇𝑣1𝑚)𝑃𝑣𝑙    (15) 
 
In the first node we have added two additional equations (3 and 15) . These two equations give two 
boundary conditions to the vapour phase in terms of the liquid phase variables. This way the 
boundary conditions of the vapour phase are coupled with the condition of the liquid phase at the 
node 1.  
The first is inserted to take into account the continuity between vapour mass flow rate of 
evaporation at interface and vapour mass flow rate in the vapour phase zone.  
The second is a simple balance stating that the change in enthalpy of the vapour into the first 
element is equal to the heat furnished to the vapour by the wall and the liquid phase in the same 
element. The subscript m refers to the medium value in the first element, obtained as average 
between the two values in node 1 and node zero. So for example, for the liquid temperature: 
 
𝑇𝑙1𝑚 =
𝑇𝑙0 + 𝑇𝑙1
2
 
(3.5) 
 
 
The node zero is obtained interpolating the values in node 1 and node 2. 
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𝑇𝑙0 = 2𝑇𝑙1 − 𝑇𝑙2 (3.6) 
 
So the final expression comes: 
 
𝑚´̇ 𝑠1𝑐𝑝𝑣𝑠〈𝑇𝑣1〉 (𝑇𝑣1 −
2𝑇𝑙1 − 𝑇𝑙2 + 𝑇𝑙1
2
)
= ℎ𝑤𝑣 (
2𝑇𝑤1 − 𝑇𝑤2 + 𝑇𝑤1
2
−
2𝑇𝑣1 − 𝑇𝑣2 + 𝑇𝑣1
2
)𝑃𝑣𝑤 + ℎ𝑣𝑙 (
2𝑇𝑙1 − 𝑇𝑙2 + 𝑇𝑙1
2
−
2𝑇𝑣1 − 𝑇𝑣2 + 𝑇𝑣1
2
)𝑃𝑣𝑙 
(3.7) 
 
 
The two equations 3 and 15 could also be merged into one giving: 
 
𝑣𝑣1 =
𝐿 ∗ ℎ𝑤𝑣(𝑇𝑤1 − 𝑇𝑣1)𝑃𝑣𝑤 + ℎ𝑣𝑙(𝑇𝑙1 − 𝑇𝑣1)𝑃𝑣𝑙
𝑐𝑝𝑣𝑠〈𝑇𝑣1〉(𝑇𝑣1 − 𝑇𝑙1)
𝜌
𝑣1
𝐴𝑖𝛼1
 
(3.8) 
 
 
Node2: (13 equations). Forward difference scheme 
 
𝑚´̇ 𝑠2 = 𝐴𝑖 (
𝜌𝑣3 − 𝜌𝑣1
2∆𝑧
𝛼2𝑣𝑣2 +
𝑣𝑣3 − 𝑣𝑣1
2∆𝑧
𝛼2𝜌𝑣2 +
𝛼3 − 𝛼1
2∆𝑧
𝜌𝑣2𝑣𝑣2) 
 
(16) 
𝑚´̇ 𝑠2 = 𝐴𝑖 (
𝜌𝑙3 − 𝜌𝑙1
2∆𝑧
𝑣𝑙2(1 − 𝛼2) +
𝑣𝑙3 − 𝑣𝑙1
2∆𝑧
𝜌𝑙2(1 − 𝛼2) −
𝛼3 − 𝛼1
2∆𝑧
𝜌𝑙2𝑣𝑙2) 
 
(17) 
𝑚´̇ 𝑠2 = 𝐴𝑖 (
𝜌𝑙3 − 𝜌𝑙1
2∆𝑧
𝑣𝑙2χ2(1 − 𝛼2) +
𝑣𝑙3 − 𝑣𝑙1
2∆𝑧
𝜌𝑙2χ2(1 − 𝛼2) +
χ3 − χ1
2∆𝑧
𝜌𝑙2𝑣𝑙2(1 − 𝛼2) −
𝛼3 − 𝛼1
2∆𝑧
𝜌𝑙2𝑣𝑙2χ2) 
 
(18) 
𝑝1 − 𝑝3
2∆𝑧
= 𝑣2𝑔sin𝜃 + 𝜌𝑣2 {
1
2
[(𝑣𝑣2 + 𝑣𝑙2)
2
𝑓𝑣𝑙
𝐷ℎ𝑣𝑙
] ∗
𝑣𝑣2 + 𝑣𝑙2
|𝑣𝑣2 + 𝑣𝑙2|
+ 𝑣𝑣2|𝑣𝑣2|
𝑓𝑣𝑤
𝐷ℎ𝑣𝑤
1
2
+ 𝑣𝑣2
𝑣𝑣3 − 𝑣𝑣1
2∆𝑧
} +
𝑚´̇ 𝑠2(𝑣𝑣2 + 𝑣𝑙2)
𝐴𝑖𝛼 ∗ 2
 
(19) 
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𝑝3 − 𝑝1
2∆𝑧
= −𝑙2𝑔sin𝜃 +
𝜌𝑙2
2
[
𝜌𝑣2
𝜌𝑙2
(𝑣𝑣2 + 𝑣𝑙2)
2
𝑓𝑣𝑙
𝐷ℎ𝑙𝑣
] ∗
𝑣𝑣2 + 𝑣𝑙2
|𝑣𝑣2 + 𝑣𝑙2|
+
𝜌𝑙2
2
𝑣𝑙2|𝑣𝑙2|
𝑓𝑙𝑤
𝐷ℎ𝑙𝑤
− 𝜌𝑙2𝑣𝑙2
𝑣𝑙3 − 𝑣𝑙1
2∆𝑧
−
𝑚´̇ 𝑠2(𝑣𝑣2 + 𝑣𝑙2)
𝐴𝑖(1 − 𝛼) ∗ 2
 
 
(20) 
𝐴𝑖𝛼2 [
𝜌𝑣3−𝜌𝑣1
2∆𝑧
(𝑣𝑣2𝑖𝑣2+
𝑣𝑣23
2
+𝑔sin𝜃𝑧2𝑣𝑣2) + 
𝑣𝑣3−𝑣𝑣1
2∆𝑧
(𝜌𝑣2𝑖𝑣2+
3
2
𝑣𝑣22𝜌𝑣2
+𝑔sin𝜃𝑧2𝜌𝑣2) +
𝑖𝑣3− 𝑖𝑣1
2∆𝑧
𝜌𝑣2𝑣𝑣2+𝑔sin𝜃𝜌𝑣2𝑣𝑣2] = ℎ𝑣𝑤(𝑇𝑤2 − 𝑇𝑣2)𝑃𝑣𝑤 + ℎ𝑣𝑙(𝑇𝑙2 − 𝑇𝑣2)𝑃𝑣𝑙 +𝑚´̇ 𝑠2𝑖𝑣𝑠2 
(21) 
𝐴𝑖(1 −𝛼2) [
𝜌𝑙3−𝜌𝑙1
2∆𝑧
(−𝑣𝑙2𝑖𝑙2 −
𝑣𝑙23
2
−𝑔sin𝜃𝑧2𝑣𝑙2) − 
𝑣𝑙3 −𝑣𝑙1
2∆𝑧
(𝜌𝑙2𝑖𝑙2+
3
2
𝑣𝑙22𝜌𝑙2
+𝑔sin𝜃𝑧2𝜌𝑙2) −
𝑖𝑙3− 𝑖𝑙1
2∆𝑧
𝜌𝑙2𝑣𝑙2 −𝑔sin𝜃𝜌𝑙2𝑣𝑙2] = ℎ𝑙𝑤(𝑇𝑤2 − 𝑇𝑙2)𝑃𝑣𝑤 + ℎ𝑣𝑙(𝑇𝑣2 − 𝑇𝑙2)𝑃𝑣𝑙 −𝑚´̇ 𝑠2𝑖𝑣𝑠2 
(22) 
𝑃𝑠𝑙𝑐2 = 𝑝𝑠(𝑇𝑙2, χ2) (23) 
𝜌
𝑣2
= 𝜌
𝑣
(𝑇𝑣2, 𝑝2) 
 
(24) 
𝜌
𝑙2
= 𝜌
𝑙
(χ
2
, 𝑇𝑙2) (25) 
𝑖𝑣2 = 𝑖𝑣(𝑇𝑣2, 𝑝2) (26) 
𝑖𝑙2 = 𝑖𝑙(χ2, 𝑡𝑙2) (27) 
𝑖𝑣𝑠2 = 𝑖𝑣(𝑇𝑙2, 𝑝2)   
 
(28) 
ℎ𝑤𝑣(𝑇𝑤2 − 𝑇𝑣2)𝑃𝑣𝑤 + ℎ𝑤𝑙(𝑇𝑤2 − 𝑇𝑙2)𝑃𝑙𝑤 = 𝐺𝑏𝐿𝑎 [𝐾𝜃𝑏𝜂𝑜 − 𝑐1
(𝑇𝑤2 − 𝑇𝑎𝑚𝑏)
𝐺𝑏
− 𝑐2
(𝑇𝑤2 − 𝑇𝑎𝑚𝑏)
2
𝐺𝑏
− 𝑐3
𝑢
𝐺𝑏
(𝑇𝑤2 − 𝑇𝑎𝑚𝑏)] (29) 
 
As it is possible to observe in the central node the number of equations is the same of the number of 
unknowns, this permitting to introduce further internal discretization nodes inside the computational 
domain without changing the global balance between number of equations and number of 
unknowns of the system.  
 
Node3: (9 equations). Backward difference scheme 
𝑚´̇ 𝑠3 = 𝐴𝑖 (
𝜌𝑣3 − 𝜌𝑣2
∆𝑧
𝑣𝑣3𝛼3 +
𝑣𝑣3 − 𝑣𝑣2
∆𝑧
𝜌𝑣3𝛼3 +
𝛼3 − 𝛼2
∆𝑧
𝜌𝑣3𝑣𝑣3) 
(30) 
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𝐴𝑖𝛼3 [
𝜌𝑣3−𝜌𝑣2
∆𝑧
(𝑣𝑣3𝑖𝑣3+
𝑣𝑣33
2
+𝑔sin𝜃𝑧3𝑣𝑣3) + 
𝑣𝑣3−𝑣𝑣2
∆𝑧
(𝜌𝑣3𝑖𝑣3+
3
2
𝑣𝑣32𝜌𝑣3
+𝑔sin𝜃𝑧3𝜌𝑣3) +
𝑖𝑣3− 𝑖𝑣2
∆𝑧
𝜌𝑣3𝑣𝑣3+𝑔sin𝜃𝜌𝑣3𝑣𝑣3] = ℎ𝑣𝑤(𝑇𝑤3 − 𝑇𝑣3)𝑃𝑣𝑤 + ℎ𝑣𝑙(𝑇𝑙3 − 𝑇𝑣3)𝑃𝑣𝑙 +𝑚´̇ 𝑠3𝑖𝑣𝑠3 
(31) 
𝑃𝑠𝑙𝑐3 = 𝑝𝑠(𝑇𝑙3, χ3) (32) 
𝜌
𝑣3
= 𝜌
𝑣
(𝑇𝑣3, 𝑝3) 
 
(33) 
𝜌
𝑙3
= 𝜌
𝑙
(χ
3
, 𝑇𝑙3) (34) 
𝑖𝑣3 = 𝑖𝑣(𝑇𝑣3, 𝑝3) (35) 
𝑖𝑙3 = 𝑖𝑙(χ3, 𝑡𝑙3) (36) 
𝑖𝑣𝑠3 = 𝑖𝑣(𝑇𝑙3, 𝑝3) 
 
(37) 
ℎ𝑤𝑣(𝑇𝑤3 − 𝑇𝑣2)𝑃𝑣𝑤 + ℎ𝑤𝑙(𝑇𝑤2 − 𝑇𝑙2)𝑃𝑙𝑤 = 𝐺𝑏𝐿𝑎 [𝐾𝜃𝑏𝜂𝑜 − 𝑐1
(𝑇𝑤2 − 𝑇𝑎𝑚𝑏)
𝐺𝑏
− 𝑐2
(𝑇𝑤2 − 𝑇𝑎𝑚𝑏)
2
𝐺𝑏
− 𝑐3
𝑢
𝐺𝑏
(𝑇𝑤2 − 𝑇𝑎𝑚𝑏)] 
(38) 
 
In this external node not all balance equations have been used, in order to equilibrate the number of 
equations with the number of unknowns present in the problem. 𝛼3 is not an  unknown of the 
problem, but a datum as will be clear further.    
 
Summarizing we have: 
 Number Variables 
Total number 
equations 
38  
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Total number 
unknowns 
38 (p1,p2,χ1, χ2, χ3,tl1,tl2,ms1,ms2,ms3,ρv1, ρv2, 
ρv3,vv1,vv2,vv3, ρl1, 
ρl2,ρl3,vl1,vl2,iv1,iv2,iv3,,tw1,tw2,tw2,tv1,tv2,tv3,il1,il2,
il3,ivs1,ivs2,ivs3, 𝛼1, 𝛼2) 
Number of boundary 
conditions 
3 (p3; tl3; vl3) 
 
 
3.2 Input values  
The input of the problem are:  
 Inlet mass flow rate of the liquid phase ?̇?𝑙−𝐼𝑁 
 Inlet temperature of the liquid phase 𝑡𝑙−𝐼𝑁   
 Temperature of the condenser of the chiller 𝑡𝑐 
 Slope of the collector respect to the horizontal θ 
 Solar irradiance 𝐺𝑏 
 Wind velocity u 
 Ambient temperature  𝑇𝑎𝑚𝑏 
 
They are reported in the table 3.1 reported below. 
 
 
Input values table 
 Unit  Value  
?̇?𝑙−𝐼𝑁 𝑘𝑔
𝑠
 
0.25 
𝑡𝑙−𝐼𝑁   °C 80 
𝑡𝑐 °C 30 
θ Deg. 2 
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𝐺𝑏 𝑤𝑎𝑡𝑡
𝑚2
 
1000 
u 𝑚
𝑠
 1 
𝑇𝑎𝑚𝑏 °C 20 
Table 3.1 
3.3 Inlet mass fraction  
The mass fraction at the inlet is obtained solving the saturation equation of the solution 2.6.2.h, 
given the pressure and temperature of the liquid at that point (𝑝3 and 𝑡𝑙−𝐼𝑁 respectively). It is 
reminded that the two fluids share the same pressure. In addition to that, 𝑝3 is equal to the pressure 
existing inside the condenser at temperature 𝑡𝑐, as in the conventional absorption machines, both the 
vapour generator and the condenser are communicated by an ample conduit, so that both share the 
same pressure. The relationship between 𝑝3 and 𝑡𝑐 is given by eq. 2.6.1.a. The result obtained for 
𝑥𝑖𝑛 with the input data used is 0.44. 
 
3.4 Averaged fluids properties 
In this section the mean fluids properties are determined considering the averaged quantities:  
 Temperature of the liquid 𝑡𝑙𝑚 
 Temperature of the vapour 𝑡𝑣𝑚 
 Liquid mass fraction 𝑥𝑚 
 
They are respectively defined as: 
𝑡𝑙𝑚 =
𝑡𝑙1 + 𝑡𝑙3
2
 
(3.9) 
 
𝑡𝑣𝑚 =
𝑡𝑣1 + 𝑡𝑣3
2
 
(3.10) 
 
𝑥𝑚 =
𝑥1 + 𝑥3
2
 
(3.11) 
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For these three quantities initial try values are chosen, with the purpose to iteratively correct them 
once results of the system are available. Their values at convergence are reported in table 3.2.   
 
Averaged values  
𝑡𝑙𝑚 82°𝐶 
𝑡𝑣𝑚 87°𝐶 
𝑥𝑚 0.44 
 
Table 3.2 
 
For the calculation of mean fluid properties, relations of chapter 2  are employed. The results of this 
calculation are reported in table 3.3. 
 
Mean values of fluid properties 
description name unit  used relation 
(in 2.6.1) 
   liquid Vapour 
(superheated) 
Vapour 
(saturated) 
 
Density   ρ𝑝𝑚 
𝐾𝑔
𝑚3
 1.04 10
3   8.143 103  (i,c) 
viscosity 
(cinematic) 
μ𝑝𝑚 
𝐾𝑔
𝑚 𝑠
 2.55 10
−3  1.61 10−5 (k,d) 
Specific heat  𝐶𝑝𝑝𝑚 
𝑗𝑜𝑢𝑙𝑒
𝐾𝑔 𝐾
 3.137 10
3 5.979 103  (l, e) 
Thermal 
conductivity 
k𝑝𝑚 
𝑤𝑎𝑡𝑡
𝑚 𝐾
 1.331 0.055  (m, g) 
Specific 
enthalpy 
i𝑝𝑚 
𝑗𝑜𝑢𝑙𝑒
𝐾𝑔
 1.345 10
5 1.731 106 1.472 106 (j, f, c) 
 
Table 3.3 
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This mean properties are required in the following paragraphs in order to evaluate the mean friction 
factors and convective heat transfer coefficients. This fact is also clear from the block diagram of 
fig. 3.3. 
 
3.5 Averaged friction factors  
Friction factors and convective heat transfer coefficients have been considered not depending on 
space. For these terms an averaged value has been determined. In order to determine friction factors 
and heat coefficients a try value for 𝛼 is chosen. This value will be further iteratively corrected 
using equation:  
?̇?𝑙−𝐼𝑁 = ρ𝑙𝑚(1 − 𝛼)v𝑙𝑚𝐴𝑖 (3.12) 
 
 
3.5.1 Liquid-wall and liquid-vapour averaged friction factors 
In order to calculate the value of the averaged friction factors, which will be used inside the liquid 
governing equations, we set the momentum equation of a simplified model of the liquid phase 
consisting in a falling film of solution at the steady state with the following forces acting on it: 
 Gravitational Force 
 Wall to liquid friction force 
 Interfacial liquid to vapour friction force 
 
A scheme of the forces is represented in fig. 3.2. 
 
 
 
 
 
 
 
Fig.3.2 
𝐹 𝑙𝑣 
𝐹 𝑙𝑤 𝐹 𝑔 
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The balance is written as: 
 
ρ𝑙𝑚 ∙ g ∙ sin 𝜃 −ρ𝑝𝑚
1
2
[v𝑙𝑚
2
f𝑙𝑤𝑚
𝐷ℎ𝑙𝑤
+ [
𝑥 ∙ ρ𝑙𝑚(1 − 𝛼)v𝑙𝑚
ρ𝑣𝑚∙𝛼 ∙ 2
+ v𝑙𝑚]
2
∙
f𝑣𝑙𝑚
𝐷ℎ𝑙𝑣
∙
ρ𝑣𝑚∙
ρ𝑙𝑚
] = 0 
 
(3.13) 
 
 
As it is possible to see, this equation cannot be solved alone, since the friction factors and v𝑙𝑚 are 
unknown. f𝑙𝑤𝑚 and f𝑙𝑣𝑚 can  be expressed by the 2.61 and 2.70 respectively as:  
 
1
√f𝑙𝑤𝑚
= −2 log10(
𝜀𝑙𝑤
3.7𝐷ℎ𝑙𝑤
+
2,51
v𝑙𝑚 ∙ 𝐷ℎ𝑙 ∙ ρ𝑙𝑚
μ𝑝𝑚
√f𝑙𝑤𝑚
) 
(3.14) 
 
f𝑣𝑙𝑚 = 4 ∙ 0.0592
𝐵𝐶𝑓
v𝑣𝑚 ∙ 𝐿𝑡 ∙ ρ𝑣𝑚
μ𝑣𝑚
 
(3.15) 
 
Where the corrective term due to evaporation 𝐵𝐶𝑓 can be substituted by the 2.68. 
v𝑣𝑚 can be expressed in terms of v𝑙𝑚 by the following mass balance, since we have estimated the 
mass fraction ratio between vapour mass flow rate and liquid mass flow rate 𝑥 (to be not confused 
with the mass fraction of ammonia χ). 
 
v𝑣𝑚 ∙ ρ𝑣𝑚𝐴𝑖𝛼 = 𝑥 ∙ ?̇?𝐿 𝑖𝑛 (3.16) 
 
 
Solving the system constituted by the four equations (3.13-16), f𝑙𝑤𝑚 , f𝑣𝑙𝑚, v𝑙𝑚, v𝑣𝑚 are determined 
 
It is now possible to compute the averaged mass flow rate for the vapour phase using the equation: 
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?̇?𝑣𝑚 = ρ𝑣𝑚𝐴𝑖𝛼 ∙ v𝑣𝑚 (3.17) 
 
 
 
3.5.2 Vapour-wall averaged friction factor 
 
Vapour to wall friction factor f𝑙𝑤𝑚 can be obtained solving the 2.61 in the form  
 
 
1
√f𝑣𝑤𝑚
= −2 log10(
𝜀𝑣𝑤
3,7𝐷ℎ𝑣𝑤
+
2,51
v𝑣𝑚 ∙ 𝐷ℎ𝑣𝑤 ∙ ρ𝑣𝑚
μ𝑣𝑚
√f𝑣𝑤𝑚
) 
(3.18) 
 
 
 
Now it is possible to compute the averaged Reynolds number for the two fluids using the two 
relations: 
 
Re𝑣𝑚 =
v𝑣𝑚 ∙ 𝐷ℎ𝑣𝑤 ∙ ρ𝑣𝑚
μ𝑣𝑚
 
 
(3.19) 
 
Re𝑙𝑚 =
v𝑙𝑚 ∙ 𝐷ℎ𝑙𝑤 ∙ ρ𝑙𝑚
μ𝑙𝑚
 
(3.20) 
 
The results shown in table 3.4 are obtained solving iteratively these equations as indicated in fig. 
3.3. 
 
3.6 Determination of the averaged void fraction 
 
Once the mean velocity of the liquid has been determined it is possible to calculate the averaged 
Void fraction resolving the mass balance equation: 
 
?̇?𝐿 𝑖𝑛 = ρ𝑙𝑚𝐴𝑖(1 − 𝛼𝑚)v𝑙𝑚 (3.21) 
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This value of 𝛼𝑚 calculated through the 3.21 can be iteratively substituted as new input until 
convergence is reached, as graphically shown in fig. 3.3.  
 
 
3.7 Vapour-wall averaged convective heat transfer coefficient 
 
This parameter is obtained by the equation:  
 
ℎ𝑤𝑣𝑚 =
𝑁𝑢𝑣𝑤𝑚 𝑘𝑣𝑚
𝐷ℎ𝑣𝑤
 
(3.22) 
 
The Nusselt number 𝑁𝑢𝑣𝑤𝑚 can be expressed by the 3.74 as follows: 
 
 
𝑁𝑢𝑣𝑤𝑚 =
f𝑣𝑤𝑚
8
(Re𝑣𝑚 − 1000)𝑃𝑟𝑣𝑚
1 + 12.7 (
f𝑣𝑤𝑚
8 )
1/2
(𝑃𝑟𝑣𝑚
2
3 − 1) 
 
(3.23) 
 
 
 
The Prandt number 𝑃𝑟𝑣𝑚 is obtained by the 2.75 as: 
 
𝑃𝑟𝑣𝑚 =
𝐶𝑝𝑣𝑚μ𝑣𝑚
𝑘𝑣𝑚
 
 
(3.24) 
 
 
Substituting 3.24 in 3.23 and 3.23 in 3.22  ℎ𝑣𝑤𝑚 is obtained. 
 
 
3.8 Liquid-wall averaged convective heat transfer coefficient 
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The same passages done in the previous chapter are repeated for determining the liquid to wall 
coefficient. The equations involved are: 
 
ℎ𝑤𝑙𝑚 =
𝑁𝑢𝑣𝑙𝑚 𝑘𝑙𝑚
𝐷ℎ𝑙𝑤
 
(3.25) 
 
 
 
𝑁𝑢𝑙𝑤𝑚 =
f𝑙𝑤𝑚
8
(Re𝑙𝑚 − 1000)𝑃𝑟𝑙𝑚
1 + 12.7 (
f𝑙𝑤𝑚
8 )
1/2
(𝑃𝑟𝑙𝑚
2
3 − 1) 
 
(3.26) 
 
 
 
𝑃𝑟𝑙𝑚 =
𝐶𝑝𝑙𝑚μ𝑙𝑚
𝑘𝑙𝑚
 
(3.27) 
 
 
 
3.9 Results  
Once convergence is reached, the results obtained are those reported in table 3.4 
 
Table of results 
 Unit  Value  
𝛼 Dimensionless 0.827 
𝑥 Dimensionless 0.018 
v𝑙𝑚 
𝑚
𝑠
 0.7 
v𝑣𝑚 
𝑚
𝑠
 0.167 
?̇?𝑣𝑚 𝑘𝑔
𝑠
 
2.2 10−3 
?̇?𝑙𝑚 𝑘𝑔
𝑠
 
≅?̇?𝐿 𝑖𝑛 
f𝑙𝑤𝑚 Dimensionless 0.038 
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f𝑣𝑤𝑚 Dimensionless 0.045 
f𝑣𝑙𝑚 Dimensionless 6.3  10
−3 
ℎ𝑣𝑤𝑚 𝑤𝑎𝑡𝑡
𝑚2 𝐾
 
23.192 
ℎ𝑙𝑤𝑚 𝑤𝑎𝑡𝑡
𝑚2 𝐾
 3.125  10
3 
ℎ𝑣𝑙𝑚 𝑤𝑎𝑡𝑡
𝑚2 𝐾
 3.812 
Re𝑣𝑚  Dimensionless 5.112  10
3 
Re𝑙𝑚  Dimensionless 7.766  10
3 
 
Table 3.4 
 
As it is possible to observe from the Reynolds number, the regime of both the liquid and the vapour 
flows is turbulent.  
The friction factor at the interface is one order of magnitude smaller respect to those at the walls. 
One has to consider that the flat plate approximation is limited. As the boundary layer grows it will 
occupy the free space reaching the wall. After some length the flow will be a fully developed tube 
flow through a circular segment. The transition between one flow structure and the other 
downstream is not well studied. The small pressure loss that the gas flow imposes because of the 
friction suggest to stay for the moment with simple boundary layer simplification. 
 
 
3.10 Boundary conditions 
 
The three boundaries conditions which it is necessary to specify are: 
 
 Liquid inlet pressure  p3 
 Liquid inlet temperature  t𝑙3  
 Liquid inlet velocity v𝑙3 
 
The liquid inlet pressure is the saturation pressure at the temperature 𝑡𝑐 of the condenser of the 
refrigeration cycle. 
t𝑙3 is the temperature of the solution entering into the generator 𝑡𝑙−𝐼𝑁.  
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The liquid inlet velocity is assumed to be equal to v𝑙𝑚 since, as we will see subsequently, liquid 
velocity is quite constant on space. The values of the boundary conditions are reported in the table 
3.5. 
 
Boundary conditions values 
 Unit  Value  
p3   Pa 1.158 10
6  
t𝑙3  K 353.16  
v𝑙3  
𝑚
𝑠
 
0.667  
 
Table 3.5 
 
3.11 Best guess values determination 
In order to reach the convergence in the numerical calculation, best guess values have been 
searched for the unknowns. To do that, the following simplified models of the entire tube have been 
realized. For the evaluation of the liquid temperatures it has been assumed that all the heat furnished 
by the collector is delivered to the liquid phase. The difference between the inlet and outlet 
temperatures is calculated by means of the following energy balance 
 
∆𝑇𝑙 =
𝐿𝑡𝐺𝑏𝐿𝑎𝜂
?̇?𝑙𝐼𝑁𝑐𝑝𝑙𝑚
 
(3.28) 
 
 
Following that: 
 
𝑡𝑙2 = 𝑡𝑙3 +
∆𝑇𝑙
2
  
𝑡𝑙1 = 𝑡𝑙2 +
∆𝑇𝑙
2
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The difference of temperature between the liquid and the wall in each point has been estimated as 
that necessary to transfer, given ℎ𝑙𝑤𝑚, the heat furnished by the collector entirely to the liquid flow. 
It has been calculated as   
 
∆𝑇𝑤 =
𝐺𝑏𝐿𝑎𝜂
ℎ𝑙𝑤𝑚𝑃𝑙𝑤
 
(3.29) 
 
Consequently:  
𝑡𝑤1 = 𝑡𝑙1 +
∆𝑇𝑤
2
  
𝑡𝑤2 = 𝑡𝑙2 +
∆𝑇𝑤
2
  
𝑡𝑤3 = 𝑡𝑙3 +
∆𝑇𝑤
2
  
 
χ3 is calculated, as the χ of the saturated solution at the given pressure and temperature which 
subsist at node 3. 
The ∆χ is estimated setting the balance  
 
∆χ ∙ ?̇?𝑙𝐼𝑁 = 2ρ𝑣𝑚(𝐴𝑖𝛼)𝑣𝑣𝑚 (3.30) 
 
where mass flow rate of evaporating ammonia is posed equal to averaged mass flow rate of 
ammonia of the vapour phase flow. 
 
Thus resulting in 
χ2 = χ3 −
∆χ
2
  
χ1 = χ2 −
∆χ
2
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The mean linear mass flow rate of evaporating ammonia is calculated as: 
?̇?𝑠𝑚 =
?̇?𝑣𝑜𝑢𝑡
𝐿𝑡
 
(3.31) 
 
And  
 ?̇?𝑠1 = ?̇?𝑠𝑚 
?̇?𝑠2 =
?̇?𝑙𝐼𝑁(χ2−χ1)
∆z
  
?̇?𝑠3 =
?̇?𝑙𝐼𝑁(χ3−χ2)
∆z
  
 
The temperature of the vapour in node 1 is calculated, as indicated in 3.32, from a balance stating 
that all the heat entering into the vapour phase in the first element goes increasing the temperature 
of 𝑚𝑠1 from tl1 to tv1. 
 
𝑡𝑣1 =
(𝑡𝑙3 + ∆𝑇𝑙) (𝑚𝑠1 𝑐𝑝𝑣𝑚 + ℎ𝑣𝑙𝑚 𝑃𝑣1) + 𝑡𝑤1ℎ𝑣𝑤𝑚𝑃𝑣𝑤
ℎ𝑣𝑤𝑚𝑃𝑣𝑤 + ℎ𝑣𝑙𝑚𝑃𝑣𝑙 +𝑚𝑠1𝑐𝑝𝑣𝑚
 
(3.32) 
 
 
It is assumed that the difference in temperature between liquid and vapour phase in each node is the 
same existing in node one, that is  
∆𝑇𝑣𝑙 = 𝑡𝑣1 − 𝑡𝑙1 (3.33) 
 
And then  
𝑡𝑣1 = 𝑡𝑙1 +
∆𝑇𝑣𝑙
2
  
𝑡𝑣2 = 𝑡𝑙2 +
∆𝑇𝑣𝑙
2
  
𝑡𝑣3 = 𝑡𝑙3 +
∆𝑇𝑣𝑙
2
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The velocity of vapour in node 1 is obtained from the continuity balance of element one, reported in 
3.34, considering that mass flow rate of vapour in node 1 is equal to the mass flow rate of ammonia 
evaporating at the interface in the first element.  
 
 
𝑣𝑣1 =
∆𝑧 ∙ 𝑚𝑠𝑚
ρ𝑣𝑚(𝐴𝑖𝛼)
 
(3.34) 
 
 
𝑣𝑣2and 𝑣𝑣3 are assumed equal to 𝑣𝑣𝑣𝑚 respectively. 
For the liquid velocity it is assumed that in each nodes the velocity is equal to  𝑣𝑙𝑚. 
The pressure difference between inlet and outlet of the tube is obtained by the 2.43 as follows: 
 
∆𝑝 = {𝑣𝑚𝑔sin𝜃 + 𝜌𝑣𝑚 {
1
2
[(𝑣𝑣2 + 𝑣𝑙𝑚)
2
𝑓𝑣𝑙𝑚
𝐷ℎ𝑣𝑙
] ∗
𝑣𝑣2 + 𝑣𝑙𝑚
|𝑣𝑣2 + 𝑣𝑙𝑚|
+ 𝑣𝑣2|𝑣𝑣2|
𝑓𝑣𝑤𝑚
𝐷ℎ𝑣𝑤
1
2
+ 𝑣𝑣2
𝑣𝑣3 − 𝑣𝑣1
2∆𝑧
}
+
𝛽𝑚´̇ 𝑠2(𝑣𝑣2 − 𝑣𝑙𝑚)
𝐴𝑖𝛼 ∗ 2
} 2∆𝑧 
(3.35) 
 
 
following that: 
 
𝑝1 = 𝑝2 +
∆𝑝
2
  
𝑝2 = 𝑝3 +
∆𝑝
2
  
The guess values for ρ𝑙, ρ𝑣, 𝑖𝑙, 𝑖𝑣, 𝑖𝑣𝑠 are calculated using the corresponding above relations in 
terms of the guess values already calculated of temperature, pressure and mass fraction of the 
solution. Once the calculation is completed, initial guess values can be iteratively substituted by the 
obtained results in order to fulfil a faster convergence.  
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3.12 Program block diagram  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.3 3 
 
3.13 The solver  
The software used to find a solution to the algebraic system of paragraph 3.1 is Mathcad 14.0.  
Through the solve block function it is possible to solve large algebraic systems of equations. This 
function is structured in the three following ordered passages: 
Choice guess: x, 𝛼, χ
𝑚
, 𝑇𝑙𝑚, 𝑇𝑣𝑚 
 
Insert input:  ?̇?𝑙−𝐼𝑁, 𝑡𝑐, 𝑡𝑙−𝐼𝑁  
       
           
      
 
Fluids averaged properties calculation 
Calculation averaged friction factors 
and liquid/vapour velocity  
 𝛼 
Vapour averaged 
velocity 
Calculation averaged convective heat 
transfer coefficients  
programming algebraic System on Mathcad 
 
Best guess values 
determination 
 
Results 
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1. Guess values entry. 
The guess values determined in paragraph 3.11 are inserted into the worksheet through the 
command “given”  
2. Constrains. 
Equations of the system are introduced using the proper syntax. 
3. Iterative computation.  
An iterative method for defining the unknowns and solving the system is run using the 
command “find”   
 
 
3.14 Analysis of results  
Here results for the most interesting variables are graphically reported and commented. 
 
3.14.1 Temperatures 
As it is possible to observe from fig. 3.4, the three temperatures increase, while the solution 
descending inside the tube, due to the solar radiation received. Once the superheated vapour of 
ammonia is produced at the interface, it undergoes a slight cooling during its rise inside the tube, 
because the mixing with new colder vapour is predominant respect to the convective heating at the 
wall.  
 
1 2 3
350
355
360
365
370
Vapour 
Liquid 
Wall
temperatures
Nodes
[K
]
Fig. 3.4 
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1 2 3
0
5
10
15
p3= 1.15830871*10^6 [Pa]
Pressure difference ( p - p3 )
Nodes
[P
a]
1 2 3
0
0.2
0.4
0.6
0.8
Liquid
Vapour
velocities
Nodes
[m
/s
]
3.14.2 Pressure 
The pressure, which, it is reminded, is assumed to be the same either for the liquid and the vapour 
phase, decreases weakly from the bottom to the top of the tube. This gradient pushes the vapour 
upwards.   
 
 
 
 
 
 
 
 
3.14.3 Velocities 
 
 
 
 
 
 
 
 
The liquid maintains its velocity quite constant during its descendent, since it has been assumed the 
liquid terminal velocity reached, while calculating the friction factors. Then the only terms that 
contribute to accelerate the liquid are the pressure gradient and the term associated to the 
momentum  exchange due to evaporation at the interface.   
Fig. 3.5 
Fig. 3.6 
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1 2 3
0.442
0.444
0.446
0.448
0.45
Mass fraction
Nodes
3.14.4 Mass fraction of ammonia 
 
 
 
 
 
 
 
The mass fraction of the ammonia inside the solution decreases from the top to the bottom of the 
tube because of the progressive evaporation. The increase along the tube is Δ𝑥 = −1.4%. 
 
3.14.5 Mass flow rate of vapour production 
 
 
 
 
 
 
1 2 3
7.1 10
4

7.2 10
4

7.3 10
4

7.4 10
4

7.5 10
4

Linear vapour production
Nodes
k
g
/m
*
s
Fig. 3.7 
Fig. 3.8 
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3.14.6 Densities 
 
3.14.7 Reynolds number 
 
 
3.15 Verification of results 
In order to check the goodness of the model, energy and mass balances over the entire 
computational domain were performed.  
1 2 3
1.034 10
3

1.036 10
3

1.038 10
3

1.04 10
3

1.042 10
3

8.12
8.125
8.13
8.135
Liquid
Vapour
Densities
Nodes
[K
g
/m
^
3
]
[K
g
/m
^
3
]
1 2 3
2 10
3

4 10
3

6 10
3

8 10
3

1 10
4

1.2 10
4

Vapour
Liquid
Reynolds number
Nodes
Fig. 3.9 
Fig. 3.10 
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1 2 3
353
354
355
356
357
Gb=1000 [w/m^2], La=2.3 [m]  
Gb=500 [w/m^2], La=2.3 [m]    
Gb=1000 [w/m^2], La=4.6 [m]    
Liquid temperatures 
Nodes
[K
]
Description Expression Results 
Total mass balance m𝑙3 −m𝑙0 −m𝑣,𝑜𝑢𝑡 −8.339 10
−6 kg/s 
NH3 mass balance m𝑙3χ3 −m𝑣,𝑜𝑢𝑡 −m𝑙0χ0 −1.322 10
−6 kg/s 
NH3 produced vapour 𝜌𝑣3 ∗ 𝐴𝑖 ∗ 𝛼3 ∗ vv3 4.437 10−3 kg/s 
Energy balance   786.9 𝑊 
Total incident power 𝐺𝑏𝐿𝑎𝐿𝑡 1.403 10
4 𝑊 
 
Table 3.6 
 
As we can see from the table above, the model appears well balanced from the point of view of the 
mass, while there is an imprecision of the 5.6 % in the total energy balance. This could be due, 
assumed the goodness of the model constitution and of the properties of the fluids, to the small 
number of nodes adopted during the discretization process. These values were considered 
acceptable.  
 
3.16 Results for varying input values  
Some tests will be now carried out, solving the system for varying values of the input parameters. A 
deeper exploitation of the model will be performed using the complete model in next chapter. 
 
 
 
 
 
 
 
 
 
Fig. 3.11 Fig. 3.12 
1 2 3
0.44
0.445
0.45
Gb=1000 [w/m^2], La=2.3 [m]
Gb=500 [w/m^2],La=2.3 [m]
Gb=1000 [w/m^2], La=4.6 [m]
Ammonia mass fraction
Nodes
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1 2 3
355
360
365
Gb=1000 [w/m^2], La=2.3 [m]  
Gb=500 [w/m^2], La=2.3 [m]    
Gb=1000 [w/m^2], La=4.6 [m]    
Vapour temperatures 
Nodes
[K
]
1 2 3
0
0.2
0.4
0.6
0.8
Gb=1000 [w/m^2], La=2.3 [m]
Gb=500 [w/m^2], La=2.3 [m]
Gb=1000 [w/m^2], La=4.6 [m
Vapour velocity
Nodes
[m
/s
]
1 2 3
0.5
1
1.5
2
=2°
=11°
=20°
Liquid velocity
Nodes
[m
/s
]
2 11 20
7 10
3

8 10
3

9 10
3

1 10
4

1.1 10
4

Inlet Reynolds number
Angle [°]
 
 
 
 
 
 
 
 
 
he effects of slope variation are determined on:  
- Liquid velocity 
- Reynolds number for the liquid phase 
- Void fraction 
Results are graphically reported in figures 3.14-3.15. 
 
 
 
 
 
 
 
 
 
 
Fig. 3.13 
Fig. 3.16 
Fig. 3.14 
Fig. 3.15 
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2 11 20
0.8
0.85
0.9
0.95
Inlet void frac tion
Angle [°]
 
 
 
 
 
 
 
 
 
 
 
3.17 Conclusions 
The tests performed have shown that the response of the model is physically plausible and hence the 
latter can be used as basis for the next chapter, where a more complex version of it is developed and 
final results are obtained and commented. 
  
Fig. 3.17 
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4. ANALYSIS OF THE FULL MODEL 
 
 
 
Intro 
Once the simplified model, developed in previous chapter, has been successfully tested, averaged 
coefficients, appearing inside of it, are removed and replaced with variables, in order to obtain a 
more accurate simulation. Friction factors and heat coefficients are therefore considered varying in 
space and are inserted as unknowns inside the system to be solved. Additional equations are placed 
inside the system. The subscript n denotes the number of the node that the equation refers to. The 
quantities which were calculated as averaged values in table 3.4, are now made variable in space, 
inserting them as functions into the system to be solved. These functions are those indicated in the 
last column of the same table. 
Due to a limit to the number of unknowns which is possible to insert inside a Mathcad’s solve 
block, it is not possible to make all variables depending on space, and some averaged terms are 
therefore maintained. This limit is quantified in the number of 50 unknowns. For this reason ℎ𝑣𝑙 
will be maintained as a constant into the system, named ℎ𝑣𝑙𝑚, also considering that its value is 
considerably smaller respect the other heat coefficients. 
 
4.1  Friction factors  
As regards the friction factors f𝑙𝑤𝑛, f𝑣𝑤𝑛, f𝑣𝑙𝑛, the three associated equations 4.1-4.3 are inserted into 
the solve block system.  
4.1.1 Liquid to wall friction factor 
 
1
√f𝑙𝑤𝑛
= −2 log10
(
 
 𝜀𝑙𝑤
3.7𝐷ℎ𝑙𝑤
+
2.51
v𝑙𝑛 ∙ 𝐷ℎ𝑙𝑤 ∙ ρ𝑙𝑛
𝜇𝑙(χ𝑛, 𝑡𝑙𝑛)
√f𝑙𝑤𝑛
)
 
 
 
(4.1) 
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4.1.2 Vapour to wall friction factor 
 
1
√f𝑣𝑤𝑛
= −2 log10(
𝜀𝑙𝑤
3.7𝐷ℎ𝑙𝑤
+
2.51
v𝑣𝑛 ∙ 𝐷ℎ𝑣𝑤 ∙ ρ𝑣𝑛
𝜇𝑣(𝑡𝑣𝑛)
√f𝑣𝑤𝑛
) 
(4.2) 
 
 
4.1.3 Vapour to liquid friction factor 
 
Substituting 𝑅𝑒𝑥 and 2.68 in 2.70 the expression of the vapour to liquid friction factor for the n-
node is obtained as: 
 
f𝑣𝑙𝑛 = 4 ∙ 0.0592
[
 
 
 
 
 
 
ln
(
 
 
 
 
1 +
(
2v𝑠𝑣
v𝑣𝑛
f𝑣𝑙𝑛
4
)
2v𝑠𝑣
v𝑣𝑛
f𝑣𝑙𝑛
4
)
 
 
 
 
]
 
 
 
 
 
 
1.25
(1 +
2v𝑠𝑣
v𝑣𝑛
f𝑣𝑙𝑛
4
)
0.25
(
v𝑣𝑛 ∙ 𝑧𝑛 ∙ ρ𝑣𝑛
𝜇𝑣(𝑡𝑣𝑛)
)
0.2
 
(4.3) 
 
 
4.2 Convective heat transfer coefficients 
 
Also the convective coefficients ℎ𝑤𝑣𝑛 and ℎ𝑤𝑙𝑛 are made dependent in space, inserting the new 
equations reported below. 
 
4.2.1 Vapour to wall convective heat transfer coefficient 
 
 
ℎ𝑤𝑣𝑛 =
𝑁𝑢𝑣𝑤𝑛 𝑘𝑣〈𝑇𝑣𝑛〉
𝐷ℎ𝑣𝑤
 
(4.4) 
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𝑁𝑢𝑣𝑤𝑛 =
f𝑣𝑤𝑛
8
(Re𝑣𝑛 − 1000)𝑃𝑟𝑣𝑛
1 + 12.7 (
f𝑣𝑤𝑛
8 )
1/2
(𝑃𝑟𝑣𝑛
2
3 − 1) 
 
(4.5) 
 
 
 
𝑃𝑟𝑣𝑛 =
𝑐𝑝𝑣
〈𝑇𝑣𝑛〉 ∙ 𝜇𝑣〈𝑇𝑣𝑛〉
𝑘𝑣〈𝑇𝑣𝑛〉
 
(4.6) 
 
 
4.2.2 Liquid to wall convective heat transfer coefficient 
 
 
ℎ𝑤𝑙𝑛 =
𝑁𝑢𝑙𝑤𝑛 𝑘𝑙〈𝑥, 𝑡𝑙〉
𝐷ℎ𝑙𝑤
 
(4.7) 
 
 
 
𝑁𝑢𝑙𝑤𝑛 =
f𝑙𝑤𝑛
8
(Re𝑙𝑛 − 1000)𝑃𝑟𝑙𝑛
1 + 12.7 (
f𝑙𝑤𝑛
8 )
1/2
(𝑃𝑟𝑙𝑛
2
3 − 1) 
 
(4.8) 
 
 
 
 
𝑃𝑟𝑙𝑛 =
𝑐𝑝𝑙
〈𝑥, 𝑡𝑙〉 ∙ 𝜇𝑙〈𝑥, 𝑡𝑙〉
𝑘𝑙〈𝑥, 𝑡𝑙〉
 
(4.9) 
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Reassuming, the new system is described in table 4.1.   
 Number Variables 
Total number 
equations 
50  
Total number 
unknowns 
50 (𝑝1, 𝑝2, χ1, χ2, χ3, t𝑙1, t𝑙2, 𝑚´̇ 𝑠1, 𝑚´̇ 𝑠2, 𝑚´̇ 𝑠3, ρ𝑣1, ρ𝑣2, 
ρ𝑣3, v𝑣1, v𝑣2, v𝑣3, ρ𝑙1, 
ρ𝑙2, ρ𝑙3, v𝑙1, v𝑙2, i𝑣1, i𝑣2, i𝑣3, t𝑤1, t𝑤2, t𝑤3, t𝑣1, t𝑣2, t𝑣3,
 i𝑙1, i𝑙2, i𝑙3, 𝑓𝑙𝑤1, 𝑓𝑙𝑤2, 𝑓𝑙𝑤3, 𝑓𝑣𝑤1, 𝑓𝑣𝑤2, 𝑓𝑣𝑤3, 𝑓𝑣𝑙1, 𝑓𝑣𝑙2, 
𝑓𝑣𝑙3, ℎ𝑙𝑤1, ℎ𝑙𝑤2, ℎ𝑙𝑤3, ℎ𝑣𝑤1, ℎ𝑣𝑤2, ℎ𝑣𝑤3, 𝛼1, 𝛼2)  
Number of boundary 
conditions 
3 (𝑝3; t𝑙3; v𝑙3) 
 
Table 4.1 
𝑖𝑣𝑠1, 𝑖𝑣𝑠2, 𝑖𝑣𝑠3 are removed from the system as unknowns and their function replaced directly inside 
the balance equations.  
   
4.3 Analysis of results  
The system is solved using the same methodology as that in chapter 3. The input and boundary 
conditions values are the same reported in tab or otherwise those indicated in the legend. Results are 
now reported. 
4.3.1 Temperatures 
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
evaporating mass flow rate 
Nodes
k
g
/m
*
s
The same considerations done in paragraph 3.14.1 are valid here. Moreover here it is possible to 
observe that for higher solar radiation the temperature of the vapour coming out from the collector 
is higher. In the same conditions also the wall temperature is higher, this causing greater thermal 
losses. 
 
4.3.2 Pressure 
 
 
4.3.3 Ammonia mass fraction 
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0
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Fig. 4.1 Fig. 4.2 
Fig. 4.3 Fig. 4.4 
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The production of ammonia is greater for the higher value of solar radiation, while it slightly 
decreases for the higher liquid inlet mass flow rate.  
 
4.3.4 Velocities 
 
 
 
 
 
 
 
 
 
 
 
4.3.5 Density 
 
 
 
 
 
 
 
 
 
 
Fig. 4.5 
Fig. 4.6 
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Fig. 4.7 
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1 2 3
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4.3.6 Reynolds number 
 
 
It is possible to notice that for the liquid phase the flow regime is turbulent. While the regime of the 
vapour phase flow is transitional in the lower part of the tube, where the velocity of the vapour is 
smaller, it turns into turbulent as soon as it gains velocity going up inside the pipe.    
 
4.3.7 Friction factors 
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It is possible to observe a reduction of the vapour-wall friction factor for higher mass flow rates. 
Thus could be due to the fact that in this latter case the Reynold number is higher. This is also 
visible from the Moody chart in fig 2.4. In fig. 4.10 are reported the friction factors at the interface.  
 
4.3.8 Heat transfer coefficients 
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Fig. 4.13 
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4.4 Mass balance verification 
 Symbol Solving expression Result 
Liquid inlet:  
 m𝑙,𝑖𝑛 Input value 0.2 kg/s 
 m𝑙3 𝜌𝑙3 𝐴𝑖(1 − 𝛼3)vl3  0.196 kg/s 
Liquid outlet:  
 m𝑙0 𝜌𝑙0 𝐴𝑖(1 − 𝛼0)vl0 χ0 0.192 kg/s 
Vapour outlet:  
 m𝑣,𝑜𝑢𝑡 𝜌𝑣3 ∗ 𝐴𝑖 ∗ 𝛼3 ∗ vv3 4.253 10
−3 kg/s 
  (𝑚𝑠1 + 𝑚𝑠2 +𝑚𝑠3)𝛥𝑧 4.223 10−3 kg/s 
  m𝑙3χ3 −m𝑙0χ0 4.243 10
−3 kg/s 
Total mass balance   m𝑙3 −m𝑙0 −m𝑣,𝑜𝑢𝑡 −8.209 10
−6 kg/s 
NH3 mass balance  m𝑙3χ3 −m𝑣,𝑜𝑢𝑡 −m𝑙0χ0 −9.818 10
−6 kg/s 
Liquid mass variation  m𝑙3 −m𝑙0 4.244 10
−3 kg/s 
 
Table 4.2 
The system appears well balanced from the point of view of the mass. The excess in mass is about 
0.19 % of m𝑣,𝑜𝑢𝑡. 
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Fig. 4.14 
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4.5 Energy balance verification 
The total incident solar power is 1.403 104 𝑊. The energy balance over the whole tube is evaluated 
by means of the expression: 
 
𝐺𝑏𝐿𝑎 [𝐾𝜃𝑏𝜂𝑜 − 𝑐1
(𝑇𝑤2 − 𝑇𝑎𝑚𝑏)
𝐺𝑏
− 𝑐2
(𝑇𝑤2 − 𝑇𝑎𝑚𝑏)
2
𝐺𝑏
− 𝑐3
𝑢
𝐺𝑏
(𝑇𝑤2 − 𝑇𝑎𝑚𝑏)] 3∆𝑧 +m𝑙3 (𝑖𝑙3+
𝑣𝑙32
2
+𝑔𝑧3sin (𝜃))
−m𝑣,𝑜𝑢𝑡 (𝑖𝑣3+
𝑣𝑣32
2
+𝑔𝑧3 sin(𝜃))−m𝑙0 (𝑖𝑙𝑜+
𝑣𝑙𝑜2
2
) 
(4.10) 
 
Which gives the result of : 1.111 103 𝑊 
   
Total incident power G𝑏L𝑎L𝑡 1.403 10
4 𝑊  
Energy balance  1.111 103 𝑊 
 
Table 4.3 
The energy balance shows a surplus of energy of about 8% respect to the total incident solar power. 
This excess could be due to the large discretization interval adopted during the calculation. 
 
 
4.6 Results varying the input values  
a. Results varying the liquid inlet mass flow rate 
The efficiency 𝜂𝐼 is defined as: 
𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒 𝑖𝑛 𝑒𝑛𝑡ℎ𝑎𝑙𝑝𝑦 𝑜𝑓 𝑁𝐻3
𝑠𝑜𝑙𝑎𝑟 𝑝𝑜𝑤𝑒𝑟 𝑖𝑛𝑝𝑢𝑡 
=
?̇?𝑣,𝑜𝑢𝑡(𝑖𝑣3 − ℎ𝑁𝐻3𝑖𝑛𝑙𝑒𝑡)
𝐺𝑏 ∗ 𝐿𝑎 ∗ 𝐿𝑡
 
(4.11) 
 
Being ℎ𝑁𝐻3𝑖𝑛𝑙𝑒𝑡 the enthalpy of the liquid ammonia entering into the tube and 𝑖𝑣3 enthalpy of 
vapour ammonia getting out of the tube. A second kind of efficiency 𝜂𝐼𝐼 is defined as: 
 
𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒 𝑖𝑛 𝑒𝑛𝑡ℎ𝑎𝑙𝑝𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑓𝑙𝑢𝑖𝑑𝑠
𝑠𝑜𝑙𝑎𝑟 𝑝𝑜𝑤𝑒𝑟 𝑖𝑛𝑝𝑢𝑡 
=
?̇?𝑣,𝑜𝑢𝑡(𝑖𝑣3 − ℎ𝑁𝐻3𝑖𝑛𝑙𝑒𝑡) + 𝛥𝐻𝑖𝑞𝑢𝑖𝑑
𝐺𝑏 ∗ 𝐿𝑎 ∗ 𝐿𝑡
 
(4.12) 
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Being 𝛥𝐻𝑖𝑞𝑢𝑖𝑑the enthalpy variation within the liquid written as: 
 
𝛥𝐻𝑖𝑞𝑢𝑖𝑑 = ρ𝑙0 ∗ A𝑖 ∗ (1 − α0)v𝑙0 ∗ i𝑙0 − [𝜌𝑙3 ∗ 𝐴𝑖 ∗ (1 − 𝛼3) ∗ v𝑙3 ∗ i𝑙3 − ?̇?𝑣,𝑜𝑢𝑡 ∗ ℎ𝑁𝐻3𝑖𝑛𝑙𝑒𝑡] (4.13) 
 
m𝑣,𝑜𝑢𝑡, 𝜂𝐼 and 𝜂𝐼𝐼 are calculated for three different level of solar radiation for varying values of the 
input m𝑙,𝑖𝑛 inside a range from 0.15 kg/s to 2 kg/s. The three level of solar radiation are 400, 600 
and 1000 
𝑊
𝑚2
. Results are plotted in the graph of figures 4.15-4.17. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4.15 
Liquid Inlet 
    Fig. 4.16 
Fig. 4.17 
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b. Results varying the slope of the collector 
Results are in this part calculated for three different liquid inlet mass flow rates, varying the slope of 
the collector in a range going from 1° to 17°. m𝑣,𝑜𝑢𝑡 behavior is plotted in fig. 4.18. 
 
 
 
 
 
 
 
 
 
As it is possible to see the production of ammonia slightly increase with higher values of the 
inclination. This could be caused by the increasing values of liquid inlet velocity and the consequent 
increase of the heat transfer coefficients as shown in figures 4.19 and 4.20. 
 
 
 
 
 
 
 
 
 
 
Fig. 4.18 
Fig. 4.20 
Fig. 4.19 
Fig. 4.21 
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The increase in production of ammonia leads to positive variations of the evaporation efficiency, as 
visible in fig. 4.21. Below are represented the values of the void fraction and of liquid velocities for 
changing values of the slope. 
 
 
 
 
 
 
 
 
 
 
 
 
c. Results varying the liquid inlet temperature 
Results are obtained varying the liquid inlet temperature in a range comprised between 70°C and 
125°C for four different combinations of solar radiation and mass flow rate of the liquid inlet, as 
indicated in figures 4.23 and 4.24.  
 
Fig. 4.22 
Fig. 4.23 
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In every case vapour production and evaporation efficiency suffer a decrease with higher liquid 
temperature. This is probably caused by the higher thermal losses occurring in the collector due to 
the higher temperatures as it is visible from fig. 4.25, where the collector efficiency is plotted.  
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Fig. 4.23 
Fig. 4.24 
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A graph of the efficiency in function of the reduced temperature difference 
𝑇𝑙3−𝑇𝑎
𝐺𝑏
  is given in fig. 
4.26. The collector efficiency is calculated for values of the inlet liquid temperature in a range 
between 60°C and 120°C. The resulting slope of the straight line is 0.9, which is typical for highly 
concentrating collectors. 
 
d. Results varying the absorber tube diameter 
Results are obtained here for varying values of the absorber diameter in a range comprised between 4 
cm and 7 cm for two combinations of values of solar radiation and mass flow rate of the liquid inlet, 
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Fig. 4.26 
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as clear from fig. 4.27. Here the vapour production and the two efficiencies slightly decrease with 
higher values of the diameter. 
 
 
 
 
 
 
 
 
 
 
They are caused by the fact that the speed of the liquid is lowered as the diameter increases and 
consequently also the Reynolds number and therefore the heat transfer coefficients undergo the 
same trend. This is visible in figures 4.30 and 4.31. 
 
 
0.04 0.05 0.06 0.07
1.43 10
3

1.44 10
3

1.45 10
3

1.46 10
3

1.47 10
3

1.48 10
3

4.21 10
3

4.22 10
3

4.23 10
3

4.24 10
3

4.25 10
3

0.5 [kg/S], 400 [w/m^2]
0.5 [kg/S], 1000 [w/m^2]
Vapour production 
Diameter (m)
[k
g
/s
],
 4
0
0
 [
w
/m
^
2
] 
[k
g
/s
],
 1
0
0
0
 [
w
/m
^
2
] 
Fig. 4.27 
Fig. 4.28 Fig. 4.29 
101 
 
0.04 0.05 0.06 0.07
0.82
0.83
0.84
0.85
0.86
0.87
Liquid velocity
Diameter [m]
[m
/s
]
0.04 0.05 0.06 0.07
1.15 10
4

1.2 10
4

1.25 10
4

1.3 10
4

Reynolds number
Diameter [m]
0.04 0.05 0.06 0.07
0.5
0.6
0.7
0.8
0.9
Void frac tion
Diameter [m]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The values of the void fraction in function of the diameter are plotted in fig. 4.32. 
 
e. Wind effects 
The effects of the wind magnitude on the results are here evaluated. As expected, the effect of the 
wind carries an increased heat transfer by convection, resulting in the deterioration of the collector 
efficiency for higher wind speeds. This fact is visible in the following figures. 
Fig. 4.30 Fig. 4.31 
Fig. 4.32 
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f. Results varying the collector length  
Results have been calculated for varying input values of the collector length in a range between 2 
and 8 meters. Graphs of  m𝑣,𝑜𝑢𝑡 , 𝜂𝐼 and 𝜂𝐼𝐼 are reported in figures 4.36-4.38. 
 
 
 
As expected the vapour production increases since the solution, increasing the heat exchange 
surface, is brought to higher temperatures. Obviously m𝑣,𝑜𝑢𝑡 is greater for the highest aperture 
width, as the solar radiation concentrated towards the absorber tube is higher.  
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The trend could be affected by the variation of the discretizing interval length. 
 
g. Cooling capacity  
Referring to fig. 1.9 and table 1.2, the cooling capacity is calculated as: 
 
?̇?0 = m𝑣,𝑜𝑢𝑡(h1 − h4) (4.14) 
 
 
considering that the ammonia vapour is completely condensed once getting out of the condenser 
and that it completely evaporates in the evaporator. The diagram of the transformations that have 
been hypothesized is shown in fig. 1.9. Results are plotted in figures 4.39 and 4.40. 
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As one can see, refrigeration capacity strongly depends on the level of solar radiation and, to a 
lesser extent on the mass flow rate of the solution inside the collector.  
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5. Conclusions 
The model has been proven to deliver results consistent with a good balance of both the total mass 
and the mass of ammonia within the computational domain, with a discard for both quantities of 
about 0.2 % of the mass flow rate of produced vapour. The model presented a surplus in the balance 
of the total energy of the two fluids equal to about 8% of the solar power incident on the reflective 
surface. This imprecision, admitted the goodness of the model equations and of the fluid properties 
used, may be due to the small number of nodes adopted in the discretization process. This 
possibility can be verified through the thickening of the number of nodes internal to the domain, 
since the model has been predisposed for this operation. The values of the results appeared 
physically plausible. A verification of the verisimilitude of the results will be possible by 
comparison with the experimental results provided by the prototype of the collector, which is under 
construction at the research group ITEA of University Carlos III of Madrid. According to the 
obtained results, the collector under consideration has been shown to possess interesting potential in 
terms of mass flow rate of produced ammonia, with an estimated maximum cooling capacity of the 
system of 5.4 KW. However, the strong unpredictability observed in the vapour production, 
depending on the level of solar radiation, as well as on other climatic factors, makes it necessary to 
provide for systems for the storage and/or for the integration with other energy sources. 
Furthermore, the possibility of operating the collector at low levels of the void fraction α, without 
penalizing the performances, suggests examining the possible storage effects arising from the use of 
high values of the mass flow rate of the solution circulating inside the collector. The collector was 
shown not to deteriorate its performances for inclinations up to 20° from the horizontal, allowing it 
to be installed, at italian and spanish latitudes, with the most convenient angle for summer months. 
The liquid inlet temperature has been shown to adversely affect the performances by increasing 
values of it. This demonstrates the dependence of the performances on the concentration of the 
solution at the inlet. Higher values of χ at the inlet involved an increase of the collector efficiency. 
As regards the geometry of the collector, the enlargement of the diameter resulted in a slight 
performance degradation, caused by lower liquid velocity. The results obtained by varying the 
length of the absorber tube have appeared not physically plausible, since possibly spoiled by the 
modification of the computational domain geometry during the calculation process. In the end, 
taking all these findings into account, this system has demonstrated to possess some positive 
characteristics in view of its possible future use and such as to encourage further study and research 
about its applicative potential. 
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ANNEX I 
 
Properties of saturated vapour of ammonia  
Temperature  
[°C] [𝐾𝑔/𝑚3] 
Density  𝜌𝑠𝑣 
[𝐾𝐽/𝐾𝑔] 
Enthalpy  𝑖𝑣𝑠 
-70 0.111 1.156*10^3 
-65 0.155 1.165*10^3 
-60 0.213 1.174*10^3 
-55 0.287 1.183*10^3 
-50 0.381 1.191*10^3 
-45 0.498 1.2*10^3 
-40 0.644 1.208*10^3 
-35 0.822 1.216*10^3 
-30 1.037 1.223*10^3 
-25 1.296 1.231*10^3 
-20 1.603 1.238*10^3 
-15 1.966 1.244*10^3 
-10 2.391 1.251*10^3 
-5 2.885 1.257*10^3 
0 3.457 1.262*10^3 
5 4.115 1.267*10^3 
10 4.868 1.272*10^3 
15 5.727 1.276*10^3 
20 6.702 1.28*10^3 
25 7.807 1.283*10^3 
30 9.053 1.286*10^3 
35 10.457 1.288*10^3 
40 12.034 1.29*10^3 
45 13.803 1.291*10^3 
50 15.785 1.291*10^3 
55 18.006 1.291*10^3 
60 20.493 1.289*10^3 
65 23.28 1.287*10^3 
70 26.407 1.284*10^3 
75 29.923 1.28*10^3 
80 33.888 1.274*10^3 
85 38.376 1.268*10^3 
90 43.484 1.259*10^3 
95 49.34 1.249*10^3 
100 56.117 1.237*10^3 
105 64.063 1.222*10^3 
110 73.55 1.203*10^3 
115 85.182 1.18*10^3 
120 100.07 1.15*10^3 
125 120.73 1.109*10^3 
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Properties of saturated liquid of ammonia   
Temperature 
[°C]  
Cinematic viscosity  𝜇𝑠𝑛 
[𝑃𝑎 ∙ 𝑠] 
specific heat  𝑐𝑝𝑛𝑁 
[𝐾𝐽/𝐾𝑔 ∙ 𝐾] 
Enthalpy 𝑖𝑣𝑠 
[𝐾𝐽/𝐾𝑔] 
-70 475.03 4.245 -310.8 
-65 429.97 4.274 -289.5 
-60 391.29 4.303 -268.1 
-55 357.89 4.332 -246.5 
-50 328.87 4.36 -224.7 
-45 303.52 4.387 -202.9 
-40 281.24 4.414 -180.8 
-35 261.56 4.439 -158.7 
-30 244.07 4.465 -136.4 
-25 228.45 4.489 -114 
-20 214.41 4.514 -91.5 
-15 201.73 4.538 -68.8 
-10 190.22 4.564 -46 
-5 179.72 4.59 -23.1 
0 170.09 4.617 0 
5 161.23 4.645 23.2 
10 153.03 4.676 46.6 
15 145.42 4.709 70.1 
20 138.32 4.745 93.8 
25 131.68 4.784 117.7 
30 125.45 4.828 141.8 
35 119.58 4.877 166.1 
40 114.04 4.932 190.6 
45 108.78 4.994 215.5 
50 103.79 5.064 240.6 
55 99.031 5.143 266.1 
60 94.483 5.235 292 
65 90.124 5.341 318.26 
70 85.933 5.465 345.04 
75 81.891 5.61 372.37 
80 77.979 5.784 400.34 
85 74.178 5.993 429.04 
90 70.468 6.25 458.6 
95 66.828 6.573 489.18 
100 63.231 6.991 521 
105 59.646 7.555 554.35 
110 56.028 8.362 589.68 
130 156.77 1.039*10^3 
Table 1. NIST. Reference state: H = 200 kJ/kg at 0°C for saturated liquid (36)  
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115 52.305 9.628 627.73 
120 48.34 11.94 669.92 
125 43.802 17.658 719.68 
130 37.29 54.21 792.01 
    
 
Table 2. NIST. Reference state: H = 200 kJ/kg at 0°C for saturated liquid 
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